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PREFACE 
In recent years, a great deal of work has been done in the field of nonhnear 
analysis. This topic has many interesting applications in various areas within and 
outside mathematics. 'Fixed Point Theory' is one of the most powerful tools to 
establish existence and uniqueness results in differential equations, integral equei-
tions, functional equations, partial differential equations and random differential 
equations. Besides this, fixed point theory has very fruitful applications in eigen-
value as well as boundary value problems which includes approximation theory, 
variational inequalities, complementarity problems and above all in mathematical 
economics. Obviously there is no clear fine separating 'Fixed Point Theory' from 
other topological or set-theoretic branches as metric methods often inspire similar 
results in non-metric setting and vice-versa. Fixed points and fixed point theorems 
have always been a major theoretical tool in areas as widely apart as differential 
equations, topology, economics, game theory, dynamics, optimal control and func-
tional analysis. Moreover, in recent years the applications of results and concepts 
from fixed point theory has increased enormously with the advent of accurate and 
efficient computational techniques enabling fixed point methods a major weapon in 
applied as well as pure mathematics. 
The theory of nonexpansive mappings is closely related to the well known fixed 
point theory for contraction/contractive mappings which has been extensively stud-
ied for the past 40 years or so. The problem of classifying the family of Banach 
spaces for which every nonexpansive self mapping of a nonempty closed boundeii 
and convex subset of Banach spaces has a fixed point continues to be a very hot 
subject of investigation for many good researchers of this domain which include the 
pioneer workers like Browder, Gohde and Kirk. In 1965, the following fundamental 
result was obtained: If C is a closed bounded £ind convex subset of a uni-
formly convex space X and if T : C -> C is nonexpansive then T has a fixed 
point. In fact slightly variant forms of above result were obtained independently 
by Browder [19] Gohde [66] and Kirk [87]. Here it may be pointed out that Kirk 
[87] proved the above result for a more general form of set C which enjoys the so 
called normal structure property. 
After the pioneer work of Browder [19], Gohde [66] and Kirk [87], extensive 
progress has been made in identifying what type of Banach space enjoy the fixed 
point or related properties. The problem of existence of a fixed point for a non-
expansive mapping is closely related to the structure of underlying Banach space. 
Sometimes the convexity assumption on C seems to be more suitable for fixed point 
theorems of some specific mappings (e.g. Schauder fixed point theorem uses com-
pletely continuous mappings) whereas the assumption hke uniform convexity, reflex-
ivity, normal structure, etc on the underlying space had usually been employed in 
linear functional analysis. 
Inspired by the work of Browder [19], Gohde [66] and Kirk [87] a large number of 
fixed point results have been obtained for nonexpansive mappings using geometric 
properties of Banach spaces. Although a substantial number of definitive results 
have now been discovered, a few questions at the heart of the theory remain open 
and there is a lot of scope to address the extent to which the existing theory can 
be possibly extended. Some of these questions are merely tantahzing while others 
offer substantial new avenues of research, A long standing open problem was the 
following: Does any Banach space X have the f.p.p.? 
The answer was given in 1981 by Alspach [2] who proved that L^[0,1] fails to 
have this property. The counter example due to Alspach [2] suggests the natural 
question to undertake: Which Banach space do have f.p.p.? No general answer 
is known to this question till date. In fact many special cases of this question also 
remain open, e.g. 
Question 1. Does every reflexive space have f.p.p.? 
Question 2. Does every Banach space which is isomorphic to a Hilbert space have 
f.p.p.? 
Some classical fixed point theorems for single-valued nonexpansive mappings 
have been extended to multi-valued mappings but many questions remain open 
about the existence of fixed points for multi-valued nonexpansive mappings when 
the underlying Banach space enjoys specific geometric properties (e.g. X is nearly 
uniformly convex space). 
Asymptotic fixed point theorems are those theorems from which the existence; 
of fixed points of a mapping T : X -> X are derived using the behavior of the 
iterates T"(for some large n). In nonlinear analysis this theory has a long history 
but its extensive development in the metric sense is more recent. There are certain 
limitations of asymptotic theory as far as contraction mappings are concerned but 
vu 
there is a direction of asymptotic metric fixed point theory related to nonexpansive 
mappings which is nontrivial and presently receiving considerable attention. While 
proving results for asymptotically nonexpansive mapping one is generally motivated 
by the existing theory of nonexpansive mapping. 
The main purpose of this work is to attempt an up to date but selective survey 
of nonexpansive and other related classes of mappings. The structure of this text is 
straightforward. There are four chapters devoted to various aspects of the theory. 
Each chapter is divided into various sections. Numbers hke 1.2.4 indicate Subsection 
4 of the Section 2 of the Chapter 1. The numbers in brackets refers to the references 
listed in the bibliography. 
As usual Chapter 1 is devoted to the background material which begins with defi-
nitions such as convex sets, uniformly convex Banach spaces, strictly convex Banach 
spaces, locally uniformly convex Banach spaces, smooth Banach spaces, uniformly 
smooth Banach spaces, diametral point, normal structure, uniform normal structure, 
Opial's condition etc. Some classical fixed point theorems are also stated which in-
cludes: Brouwer fixed point theorem, Banach contraction principle, Schauder fixed 
point theorem, Caristi fixed point theorem and TychonoflP fixed point theorem be-
sides discussing related results. The multi-valued analogue of these classical results 
are mentioned which also include some recent results of the existing literature. This 
chapter concludes with an introduction to various iteration procedures in fixed point 
theory which also includes some elementary but fundamental results via iterations. 
Chapter 2 is dedicated to the classical theory of nonexpansive mappings which 
includes nice and natural results. This chapter begins with the pioneer work by 
Browder[19], Gohde [66] and Kirk [87]. In course of our survey we choose to cite the 
results due to Gossez and Dozo [68], Kannan [83], Penot [124], Kirk [93], Goebel 
and Koter [64] etc. In the last section, we have discussed some fixed point theorems 
via iteration which incorporate the work of Mann [111], Outlaw [122], Ishikawa [76, 
77], Reich [132], Deng [39] and others. 
In Chapter 3, we present fixed point theorems for multi-valued mappings in 
Banach spaces which begins with the work of Markin [112]. The aUied concepts 
like weakly nonexpansive, *-nonexpansive and SL-contractive are also discussed and 
results involving such mappings are included which revolves around the work of 
Husain and Tarafdar [75], Husain and Latif [74], Xu [167], Benavides and Ramirez 
[8] and Shahzad and Lone [150]. This chapter concludes with some natural results 
regarding the structure of fixed point set for multi-valued mappings. 
vni 
The main objective of Chapter 4 is to present some relatively recent fixed point 
theorems for asymptotically nonexpansive mappings. The first half of the chapter 
deals with the generahzation of Browder-Gohde-Kirk theorem using certain iteration 
schemes which incorporate the work due to Schu [144, 145], Xu and Noor [164], Liu 
[109] etc. while the second half of the chapter looks at the asymptotically contractive 
and pseudocontractive mappings wherein we have a bird eye view on the results 
contained in Luc [110], Penot [125], Suzuki [155], Assad and Kirk [3] and Sharma 
and Sahu [151]. 
As usual, dissertation concludes with a bibhography which by no means is ex-
haustive one but lists only those books and papers which have been referred to in 
the dissertation. 
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CHAPTER 1 
PRELIMINARIES 
§ 1.1. Introduction 
The term 'Metric Fixed Point Theory' refers to those theoretic results on fixed 
points in which geometric conditions on the underlying space and/or conditions 
on mapping play a crucial role. Many problems within mathematics have as their 
solutions the fixed point of some suitably realized mapping T and so a number 
of available procedures in numerical analysis and approximation theory facilitate 
to compute the fixed point of the required mapping via successive approximation. 
Fixed point theory is rich, interesting and has a wide range of applications. Fixed 
point theorems are very useful in the existence theory of differential equations, in-
tegral equations, functional equations, partial differential equations and random 
differential equations. Besides this, fixed point theory has very fruitful applications 
in eigenvalue as well as boundary value problems, including approximation theory, 
variational inequalities, complementarity problems and above all in mathematical 
economics. 
The theory treated here has many contributors. Those who developed the clai?-
sical theory include the celebrated mathematicians L. E. Brouwer, S. Banach, J. 
Schauder and A. Tychonoff. The fixed point theory received a new impetus in 1965 
when fixed point theorems for nonexpansive mappings were discovered indepen-
dently by Browder [19], Gohde [66] and Kirk [87] and along which related results 
were widely circulated in form of Lecture Notes due to Opial [121, 1967]. There 
have been numerous major discoveries since then. In this dissertation, we carry out 
an up to date but selected survey of fixed point results for nonexpansive and other 
related classes of mappings. 
For a comprehensive study of fixed point theory and related results the books 
by Goebel and Kirk [63], Singh et al. [149], Dugundji and Granas [46] are of special 
recommendation. 
The present chapter is to facilitate readability of the text, it consist of basic 
definitions and gives a brief survey of results on fixed point theory. 
§ 1.2. Relevant definitions and results 
One of the most important and interesting class of subsets of a linear space is 
the class of convex sets. 
Definition 1.2.1. A subset C of a linear space X is said to be convex if ax + {l-
a)y e C whenever, x,y eC and 0 < a < 1. 
A subset C of a linear space X is said to be star shaped if there is at least one 
p G C such that (1 -a)p + ax^C for all a; G C and 0 < a < 1. The point p G C 
is said to be the star center of C. 
Notice that every convex set is star shaped but converse need not be true. 
Definition 1.2.2. Let C be a subset of a Banach space X. Then the convex hull of 
C is defined as co(C) = {EajXi: 0 < cti < 1, Sa^ = 1, Xi G C}, the set of all convex 
combination of points in C. For any subset C, co(C) is the smallest convex subset 
of X containing C 
Definition 1.2.3. A Banach space X is called uniformly convex if for any e > 0 
there exists a (5 > 0, depending on e such that if ||a;|| = ||y|| = 1 and ||x - y\\ > e, 
then||i(x + y ) | | < l - ( ^ . 
In other words, X is uniformly convex if for any two points x and y on the unit 
sphere S = {x e X : \\x\\ = 1}, the midpoint of the line segment joining x and y can 
be close to but not on that sphere, only if x and y are sufficiently close to each other. 
Example 1.2.1. Every Hilbert space and sequence space F, 1 < p < oo, are uni-
formly convex. However, C[0,1] with sup norm, l^ and l°° w.r.t. standard norms 
are not uniformly convex. 
Definition 1.2.4. The modulus of convexity of a Banach space X is the function 
6x : [0,2] -4 [0,1] defined by 
5x{e) = mi\l x + y :W<l , |M|<l , | |a ; -2 / | |>e 
A space X is uniformly convex if and only if its modulus of convexity satisfies 
6x{e) > 0 for e > 0. 
Definition 1.2.5. A Banach space X is called strictly convex if and only if a;, y G X, 
x ^ 0 7^  y and llx + y|| = ||a;|| + ||y|| imply that x = ay,a>0. Equivalently, X is a 
strictly convex Banach space if whenever x,y e X, \\x\\ = ||y|| = 1 and x j^y then 
ll|(^ + y ) l l< i . 
A uniformly convex Banach space is strictly convex but not conversely The 
spaces l^ and L^ are not strictly convex. Moreover, it is not difficult to see that the 
two concepts are equivalent in finite dimensional spaces (since balls in such spaces 
are compact). 
The Banach space X* of bounded Hnear functionals on X is called the dual space 
of X. It generates a topology for X called the weak topology. For given e > 0 and a 
finite number of elements Tj, r2 , . . . T„ in X*, let 
V{TuT2, ...Tn;e) = {xeX: \Ti{x)\ < e, for every i=l,2,... ,n}. 
Then the family of all sets V{Ti,T2,..., Tn; e) for every choice of e and any finite 
sequence {Ti,T2,. ..,Tn}, defines a base of neighborhoods of zero of a topology 
which is called the weak topology of X. Under the weak topology, a normed linear 
space X is a locally convex topological vector space. In the sequel, by the terms 
weakly closed, weakly compact, weak closure of a set, we mean closed, compact, 
closure of a set with respect to the weak topology respectively. 
The norm topology(or strong topology) and the weak topology of a Banach space 
X are equivalent if and only if X is finite dimensional. A sequence {xn} C X con-
verges weakly to y G X if and only if lim Txn = Ty for every T ^ X*. 
n—>oo 
We now collect some basic and well known properties about the weak topologies. 
Theorem 1.2.1. Every weakly convergent sequence {xn} is bounded and moreover, 
II lim ccnil < lim inf ||xn||. 
n—>oo n->oo 
Theorem 1.2.2. Strong convergence implies weak convergence but not conversely. 
Theorem 1.2.3. A convex subset C of a Banach space X is closed if and only if it 
is weakly closed. 
Theorem 1.2.4. A weakly closed set is strongly closed but not conversely. 
For every fixed vector x E. X, the mapping of X* into 5ft or C, which to each 
T e X* assigns the value Ta; of T at z, is a continuous linear functional on X*, 
i.e., an element of X**. Moreover, the norm of this functional is equal to ||a;||. The 
canonical mapping of X into X** defined by this correspondence between elements 
of X and X** is linear and one to one. Therefore, it is an isometric embedding of 
X into X**. 
Definition 1.2.6. A Banach space X is called reflexive if the canonical embedding 
of X into X** is onto. 
Example 1.2.2. All Hilbert space and uniformly convex Banach space are reflexive. 
Also, sequence space Z^ , 1 < p < oo is reflexive. 
Theorem 1.2.5. A Banach space X is reflexive if and only if one of the following 
(equivalent) condition holds: 
(a) X* is reflexive. 
{b) B{0,1) is weakly compact in X*. 
(c) Every bounded sequence in X admits a weakly convergent subsequence. 
(d) For any T ^ X* there exists a a; G JB(0, 1) such that Tx = ||T||. 
(e) For any closed bounded and convex subset C of X and T e X* there exists a 
xeC such that Tx = sup{Tt/ :yeC}. 
(/) For any decreasing sequence {Kn} of nonempty closed bounded and convex 
oo 
subsets of X, f] KnT^ 0. 
A reflexive Banach space is not necessarily uniformly convex. For example, 
consider a finite dimensional Banach space in which the surface of the unit ball has 
a flat part. Such a Banach space is reflexive as its dimension is finite. But the flat 
portion in the surface of the ball forces it to be non uniformly convex. 
There is another fact which distinguishes reflexive spaces from uniformly convex 
spaces. If {X, ||.||) is a Banach space and if ||.||i is another norm on X which is 
equivalent to the norm ||.||, then it readily follows that {X, \\.\\) is reflexive if and 
only if {X, ||.||i) is reflexive. Thus reflexivity is invariant under equivalent renorm-
ings. To see that this is not true of uniform convexity one need to look no further 
then the finite dimensional spaces {U"', ||.||2) and (JR", ||.||oo)-
Definition 1.2.7. Let T : X -> F be a mapping. Then T is said to be 
(a) demicontinuous at XQ if a;„ —)• a^o => Txn —> ra:o(weakly), 
(b) strongly continuous at XQ if x„ -> XQ(weakly) => Txn —>• TXQ, 
(c) weakly continuous at XQ if Xn -> a;o(weakly) ^ Txn —> ra;o(weakly), 
(d) demiclosed if Xn -> XQ(weakly) and Txn -^ y =^ y = TXQ. 
Definition 1.2.8. Let C be a subset of a Banach space X. Then a mapping 
T : C -^ X* is called monotone if 
{Tx-Ty,x-y)>0, \Jx,yeC, 
and strictly monotone if {Tx -Ty,x-y) > 0, \/ x,y e C {x j^y). 
Definition 1.2.9. A real-valued continuous function T defined on 5R+ is called a 
gauge function if 
(a) r(0) = 0, 
(6) lim T{t) = +00 and 
t-¥0O 
(c) T is strictly increasing. 
Definition 1,2.10. Let X be a Banach space and X* its dual space. The duality 
mapping in X with gauge function T is a mapping J : X ^ 2^' such that J(0) = 0 
and for x ^ 0, 
j(x) = {/e X*:/(x) = 11/11W, 11/11 =^  T(M)}. 
An important example of a monotone mapping from a Banach space X into its 
dual space X* is duahty mapping. 
Definition 1.2.11. A Banach space X is called locally uniformly convex (LUC) if 
and only if, for given e > 0 and an element XQ e X with ||xo|| = 1, there exists a 
6{e, XQ) > 0 such that 
XQ-y 
<l-5. 
whenever \\XQ — y|| > e and ||y|| = 1. 
It is clear from the definition that uniform convexity implies local uniform con-
vexity but the converse is not true in general. 
Definition 1.2.12. A Banach space X is uniformly convex in every direction 
(UCED) if and only if, for any e > 0 and every nonzero z e X, there exists a 
number 6{e, z) > Q such that if x - y = az, \\x\\ = \\y\\ = 1 and 
x + y > I — 5, then \a\ < e. 
A uniformly convex space is a UCED but the converse is not always true. In 
fact, there are even reflexive Banach spaces that are UCED but not isomorphic to 
a uniformly convex Banach space. 
The concept of normal structure plays a crucial role in some recent fixed point 
theorems for nonexpansive mappings in Banach spaces. 
Definition 1.2.13. Let C be a nonempty bounded convex set in a Banach space 
X of diameter d. A point x e X is said to be a diametral point for C if 
sup ||x - y\\ = d. 
yQC 
Example 1.2.3. In the Banach space C[0,1], with ||T|| = max \T{t)\, every point 
of the bounded and convex set 
C = {Tit) e C[0,1] : 0 = r(0) < T{t) < T(l) = 1} 
is diametral. 
Definition 1.2.14. A convex set C in a Banach space X is said to iiave normal 
structure if, for each bounded convex subset K of C, that contains more than one 
point, there exists a point x £ K which is not diametral for K. 
Geometrically, C has normal structure if, for every bounded and convex subset 
K of C, there exists a ball of radius less than the diameter of K centered at a point 
of K and containing K. 
Remark 1.2.1. A Banach space is said to have a normal structure if each of its 
bounded convex subsets has normal structure. 
Example 1.2.4. 
(a) Every uniformly convex Banach space has normal structure. 
(b) A Banach space, uniformly convex in every direction, has normal structure. 
(c) Every convex and compact subset C of a Banach space has normal structure. 
There are Banach spaces which do not possess normal structure. For example, 
the Banach spaces C[0,1], l^ and L^ do not have normal structure. 
Definition 1.2.15. A convex subset C of a Banach space X is said to have uniform 
normal structure if there exists a constant a < 1 such that any closed bounded and 
convex subset K oiC for which 6{K) > 0 contains a point for which 
sup{||a;o -x\\:xeH}< a.6{K). 
Uniform normal structure is obviously stronger than normal structure and it 
mimics the normal structure behavior of uniformly convex spaces. Also, nonreflex-
ive spaces exist which have normal structure. This contrasts with the following. 
Theorem 1.2.6. A Banach space equipped with uniform normal structure is always 
reflexive. 
Definition 1.2.16. A Banach space X is said to be smooth if for every x e X with 
||x|| = 1, there exists a unique T E X* such that | |r | | = T{x) = 1. 
It is not difficult to prove that a Banach space X is smooth if and only if for 
every x,y E X with a; 7^  0 the following limit exists: 
limri[||a; + ty | | - | |x l | ] = 0,(y). (1.2.1) 
This hmit defines a functional (p^ € X* which is called the Gateaux derivative of the 
norm at x. 
Definition 1.2.17. A Banach space X is called uniformly smoothiiihe limit (1.2.1) 
exists uniformly in the set {{x,])) : \\x\\ = \\y\\ = 1}; thus X is uniformly smooth 
if for each e > 0 there exists 5 > 0 such that for \t\ < 5 and for all x,y e X with 
ll^ ll = lly|l = 1, 
|||a; + ty||-||a;||-</.,(2/)|<e|t|. 
If the limit (1.2.1) exists uniformly for ||y|| = 1 when x is fixed, then the norm of X 
is said to be Frechet differentiable. Spaces with Prechet differentiable norm include 
all the classical spaces P, l/, 1 < p < oo. 
Definition 1.2.18. A Banach space X is said to satisfy Opial's condition if for 
each xo^ X and each sequence {x„} in X weakly converging to XQ the inequality 
lim inf ||a;n - x\\ > lim inf ||a;„ - xo\\ 
holds for all x ^ XQ. 
LP space p 7^  2 do not satisfy Opial's condition while every Hilbert space and 
F{\ < p < 00) space satisfy Opial's condition. Thus Opial's condition is indepen-
dent of uniform convexity. On the other hand, Gossez and Lami Dozo [68] have 
observed that all such spaces have normal structure. 
Theorem 1.2.7. If X is a reflexive Banach space which satisfies Opial's condition, 
then X has normal structure. 
§ 1.3. Some basic fixed point theorems 
In this section, we discuss some classical fixed point theorems, especially the 
Banach Contraction Principle [5] and some of its extensions. Though Banach's 
Contraction Principle [5] is remarkable in its simplicity, yet it is perhaps the most 
widely applied fixed point theorem in all of analysis. 
Definition 1.3.1. Let T" be a self mapping on a nonempty set X. A point x E X 
is called a fixed point of T \iTx = point which remains invariant under the 
mapping T is called a fixed point of T. 
Definition 1.3.2. A topological space X is called a fixed point space if every con-
tinuous mapping T of X into itself has a fixed point. The property of being a fixed 
point space is topologically invariant: for if X is a fixed point space and T : X -^Y 
a homeomorphism, then for any F : 7 -> 7 the map T~^ o F oT : X -^ X has a. 
fixed point XQ, so F o T{xo) = T{xo) and T{XQ) is a fixed point for F. 
Example 1.3.1. Any closed bounded interval / = [a,6] C 3? is a fixed point space. 
Indeed, given T : I -^ I, we have a - T{a) < 0 and 6 - T{h) > 0. Now applying 
the intermediate value theorem one concludes that the equation x - T{x) == 0 has a 
solution in / and therefore T has a fixed point. 
Example 1.3.2. The Real line U is not a fixed point space, as the translation 
X ^ x + a, a ^0 has no fixed point. 
In general, it is difficult to decide whether or not a given space is a fixed point 
space and usually results abstracting such situations have many interesting topolog-
ical consequences. An example is the Brouwer fixed point theorem [15, 1912] which 
runs as follows: 
Theorem 1.3.1. Let C be the closed unit ball in 5R" and T : C ^ C a, continuous 
mapping. Then T has a fixed in C. 
An immediate corollary of this theorem on the real line can be stated in the 
following way: 
Corollary 1.3.1. Every continuous self mapping of a closed interval has a fixed 
point. 
Definition 1.3.3. If X is a topological space and C C X, then a continuous map-
ping r : X -^ C is called a retraction if r{x) = x for all x E C. When this occurs, 
C is said to be a retract of X. 
Theorem 1.3.2. Every closed convex subset C in SfJ" is a retract of 3^". 
The above fact permits an extension of Brouwer's Theorem to arbitrary closed 
bounded and convex subsets of 3fi". For such a set C select a simplex S sufficiently 
large such that CCS. Thus there exists a retraction r : S -^ C. The composition 
mapping T o r is a continuous mapping of S into itself and therefore must have a 
fixed point, say x. Moreover, x must he in the range of T o r, which is C. Since 
r(x) = x for points in C, 
x = Tor{x) = T{x). 
Thus we have following. 
Theorem 1.3.3. Let C be a closed bounded convex subset of 5?" and let T : C -> C7 
be continuous. Then T has a fixed point. 
One very interesting consequence of Theorem 1.3.1 is the following fact. 
Theorem 1.3.4. The surface 5 of a nontrivial closed ball B in 3f?" is not a retract 
of JB. 
The following is the most useful formulation of Theorem 1.3.1. 
Theorem 1.3.5. Suppose C is a nonempty closed bounded convex subset of a finite 
dimensional Banach space X and suppose T : C —>• C is continuous. Then T has at 
least one fixed point. 
Most of the problems in functional analysis arise in sequence and function spaces 
which are mostly infinite dimensional, it is natural to ask whether Theorem 1.3.1 
can be extended to infinite dimensional spaces. Kakutani [81] produced an example 
to show that Theorem 1.3.1 can not be extended to infinite dimensional spaces. 
Example 1.3.3[81]. Let C = {a; 6 Z^  : ||2;|| < 1} be the unit ball in the Hilbert 
space P. With x — {x\,X2,Xz, } in C, define a map T : C -> C by 
T{x) = { A / 1 - | |X| |2, Xi, X2, - , Xn, . . . . } • 
Then ||Tx|| = 1 and also T is continuous. But T admits no fixed point. 
In 1930, Theorem 1.3.1 (due to Brouwer [15]) was extended to infinite dimen-
sional spaces by Schauder [143] which is as follows: 
Theorem 1.3.6[143]. Every continuous self mapping of a compact convex subset 
of a Banach space has at least one fixed point. 
The compactness condition on subset is a stronger one. Many problems in analy-
sis do not have a compact setting. It is natural to modify the theorem by relaxing 
the condition of compactness. Schauder [143] also proved a theorem for a compact 
mapping which is known as second form of Theorem 1.3.6. Before stating the theo-
rem, we need the following definition. 
Definition 1.3.4. A self mapping T of a Banach space X is called a completely 
continuous compact mapping if T is continuous and T maps bounded sets to pre-
compact sets. 
Remark 1.3.1. A compact mapping is always continuous but converse need not be 
true. For example, an identity mapping defined on an infinite dimensional normed 
space is continuous but not compact. 
The following is another form of Theorem 1.3.6 due to Schauder [143]. 
Theorem 1.3.7[143]. Every compact self mapping of a closed bounded convex 
subset of a Banach space has at least one fixed point. 
In 1935, Tychonoff [163] extended Brouwer's result to a compact convex subset 
of a locally convex topological vector space. 
Theorem 1.3.8. A continuous self mapping of a nonempty compact convex subset 
of a locally convex topological vector space has a fixed point. 
Definition 1.3.5. Let T be a self mapping of a metric space X. Then T is said to be 
of Lipschitz class if there exists a real number A; > 0 such that d{Tx, Ty) < kd{x, y) 
for all X, J/ G X. If fc < 1, then T is called contraction map. In case d{Tx,Ty) < 
d{x, y), x^y, then T is said to be a contractive map. 
The Banach Contraction Principle [5] is the simplest but one of the most versa-
tile elementary results in the fixed point theory. The Banach Contraction Principle 
is stated below. 
Theorem 1.3.9. Every contraction self mapping of a complete metric space has a 
unique fixed point. 
Remark 1.3.2. All the conditions in Theorem 1.3.9 are necessary and cannot be 
relaxed. 
The strength of the Banach Contraction Principle lies in the fact that the un-
derlying space is quite general while the conclusion is very pointed. The fixed point 
is unique and the sequence of iterates of the original mapping for every point of 
the space always converge to the unique fixed point. Keeping in view the utility 
of Banach Contraction Principle, its several extensions and generalizations were at-
tempted in recent years whose excellent survey is a available in Rhoades [138]. Here 
we opt to present some of its noted generalizations. 
The first extension we take up which is due to Geraghty [55] was inspired by an 
earlier theorem of Rakotch [129]. 
Let !F denote the class of those mappings / : Sf?"^  -> [0,1) which satisfy the simple 
condition /(t„) -> 1 =^  t„ -4 0. 
Theorem 1.3.10[55]. Let T be a self mapping of a complete metric space {X,d) 
and suppose there exists f ET such that for each a;, y G X, 
d{Tx,Ty)<f{d{x,y))d{x,y). 
Then T has a unique fixed point z^X and {r"(x)} converges to z for each x € X 
For the next result we suppose that Si denotes the collection of all monotone 
decreasing mappings / : K+ -> 3?+ for which 0 < f{t) <t and for which / is con-
tinuous from the right. This extension is due to Browder [19]. 
Theorem 1.3.11 [19]. Let T be a continuous self mapping of a bounded complete 
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metric space {X,d) and suppose there exists f E Si such that for each x,y E X 
d(Tx,Ty) < f{d{x,y)). 
Then T has a unique fixed point z and {T^{x)} converges to z for each x e X. 
Subsequently, Byod and Wong [13] obtained a more general result. 
Theorem 1.3.12[13]. Let T be a self mapping of a complete metric space {X, d) 
which satisfies 
d{Tx,Ty)<f{d{x,y)),\/x,yeX, 
where / : R^"*" —>^ [0, oo) is upper semi-continuous from the right and satisfies 
0 < f{t) < i for i > 0. Then T has a unique fixed point z and {r"(x)} con-
verges to z for each x €: X. 
Following are also some recent extension of Banach Contraction Principle where 
neither T is continuous nor of contractive type. 
Theorem 1.3.13[46]. Let T be a self mapping of a metric space X. Assume that 
for each e > 0 there is a 5{e) > 0 such that d{x,Tx) < 5, implies T{B^{x)) C Be{x). 
If d{T^y,T^'^^y) -» 0 for some y E X, then the sequence T"'y converges to a fixed 
point of T. 
Caristi [32] proved the following theorem where neither continuity nor a Lipschitz 
type condition is required. For this, we need the following definition. 
Definition 1.3.6. Let X be a metric space. A function T : X -^ Wis said to be 
lower (upper) semicontinuous at XQ if 
liminf r(x) > r(xo)(limsupr(a;) < T{xo)) as x ^ XQ. 
Theorem 1.3.14[32]. Let X be a complete metric space and (j) : X ^ [0,oo) 
a lower semicontinuous function, li T : X -^ X is such that for each x e X, 
d{x, Tx) < (j){x) - (j){Tx), then T has a fixed point. 
Notice that if we assume T is continuous, then the proof is a simple one. For 
any fixed XQ E X let x„ = T^XQ. Then 
d{xn+i,Xn) < (t>{xn) - < (^a;„+i). 
Hence {^{xn)] is a decreasing sequence. 
Now 
N 
'Y^d{xi+i,Xi) <<l){xo) 
1=0 
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So {xn} is a Cauchy sequence. Since A" is a complete metric space, {x„} con-
verges to y ^ X. As T is continuous, Ty = y. 
The proof of Theorem 1.3.14 without continuity of T is due to Takahashi [157] 
which is quiet technical and we opt not to present it's proof. 
Remark 1.3.3. 
(a) If T : X ->• X is a contraction map, i.e., d{Tx,Ty) < kd{x,y), 0 < k < I, 
then condition of Theorem 1.3.14 is satisfied by taking 0(a;) = ~j^d{x,Tx). 
(b) Let T be a self mapping of a metric space X, then there exists (/>: X -> [0, oo) 
satisfying d{x,Tx) < (i){x) - (f){Tx) if and only if Y.d{T''x,T'^H) converges 
for all X ^  X. 
§ 1.4. Nonexpansive mappings 
The class of contractive mappings can be enlarged as follows: 
Definition 1.4.1. A self mapping T of a normed space X is said to be nonexpansive 
if for any x,y € X, 
\\Tx-Ty\\<\\x-y\\. 
It is clear from the definition that a nonexpansive mapping is continuous. Thei:e 
exist nonexpansive mappings in which the fixed points abound. 
Example 1.4.1. Let X = 3? and T : sft ^ SR defined by 
T{x) = x + a, y xe^ 
which clearly has the property d{Tx, Ty) — \x -y\ and is without fixed points. 
Example 1.4.2. Let X = 3? x 3? and define T{x,y) by 
T{x,y) = {x,0). 
Then T satisfies the above property and every point of the form [x, 0) is a fixed 
point for this mapping, i.e., rc-axis is invariant under T. 
Remark 1.4.1. If T is a nonexpansive self mapping then any power of T (i.e., 
rpn _ rprp... 7^ ^ jg again a nonexpansive mapping. 
The following theorems in Banach spaces are fundamental in respect of nonex-
pansive mappings on arbitrary Banach spaces. 
Theorem 1.4.1. Let C be a closed bounded and convex subset of a Banach space 
X and let T : C -)• C be nonexpansive. If (/ - T)C be a closed subset of X, then 
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T has a fixed point in C. 
Theorem 1.4.2. Every nonexpansive self mapping of a compact convex subset C 
of a Banach space X has a fixed point. 
Proof. 
Take a fixed XQ G C and define T/.^  : C -4 C by 
Tk,{x) = kiTx + {I - ki)xo 
where 0 < /cj < 1 and fcj —> 1 as z -> oo. Then each T^ ^ is a contraction map and 
there is an Xk^ such that Tk^Xki = XA:, by Banach contraction principle. The bounded 
sequence {xfc^ } has a convergent subsequence {xk^ } which converges to x, say. 
We claim that x is a fixed point of T. 
Xfeip = Tk,^Xk,^ = (1 - /Cijxo + ki^Tk,^Xk,^. 
On letting p —)• oo, we get x = T^ since T is continuous and ki^ ^  1. 
The following celebrated theorem is due to Kirk [87]. 
Theorem 1.4.3. Let C be a closed bounded and convex subset of a reflexive Ba-
nach space X having normal structure. If T : C —>• C is nonexpansive, then T has 
a fixed point. 
The following well-known result for nonexpansive mappings was proved inde-
pendently by Browder [19], Gohde [66] and Kirk [87] which is popularly referred as 
Browder-Gohde-Kirk fixed point theorem. 
Theorem 1.4.4. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex Banach space X and T : C —> C is nonexpansive, then T has a 
fixed point. 
Definition 1.4.2. A self mapping T of a Banach space X is called asymptotically 
regular if lim ||r"+^x - T'^ xjl = 0 for any x e X. 
n->oo 
Definition 1.4.3. Let X be a Banach space, C C X mdT : C ^ C. Then T 
is said to be asymptotically nonexpansive if there exists a sequence {ki} C 3?"^  with 
/cj -> 1 as z —)• oo such that 
\\r{x)~r{y)\\<k\\x-y\\ for all x,yeC. 
For asymptotically nonexpansive mappings it may be assumed that fci > 1 and that 
k+i < ki for i = 1,2, 
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Remark 1.4.2. A nonexpansive mapping need not be asymptotically regular, e.g., 
a translation mapping on a normed space is not asymptotically regular. 
The following remarkable observations are given by DeFigueredo [40] regarding 
asymptotically regular mappings. 
(a) If {xn} and {y-n} are two sequences in a uniformly convex Banach space X such 
that \\xn\\ -^ 1, WvnW < \\xn\\ and 1 | ^ ^ | | -> 1 as n -^ oo, then \\xn - 2/„|| ^ 0 
as n —> oo. 
Indeed, let ^n = p ^ andu;„ = ^^. Then \\zj = 1, \\Wn\\ < 1 and \\'-^\\ -> 
1. By uniform convexity, we get ||z„ — Wn\\ —> 0, i.e.,||Xn — yn\\ —> 0 as n -4 oo. 
(6) The above observation (a) is also vahd for Xxn + (1 — A)y„, 0 < A < 1, in place 
of ^ . 
Browder and Petryshyn [29] proved the following fundamental result for a nonex-
pansive mapping defined on a Banach space. 
Theorem 1.4.5. Let T be a nonexpansive self mapping of a uniformly convex Ba-
nach space X. If F{T) ^ 0, then the mapping T^ = a / + (1 - a)T, 0 < a < 1 is 
nonexpansive and asymptotically regular. Moreover, F{T) = F(Ta). 
Theorem 1.4.6. Let T : X —>• X be a nonexpansive asymptotically regular map-
ping in a Banach space X. Let F(T) be nonempty and let T also satisfies the 
condition that (/ — T) maps closed bounded sets into closed sets. Then, for each 
XQ ^  X, the sequence {T^XQ} converges to some point in F{T). 
Proof. 
If yeF{T), then 
l | r " + ^ x o - y | | < | | r % - y | | , n = 1,2,3. . . 
so the sequence {T^XQ} is bounded. Let G be the closure of {T^XQ}. By given 
condition, it follow that (/ - T)G is closed. This, together with the fact that T is 
asymptotically regular, gives 0 € (/ — T)G. So there exists some z E G such that 
(/ — T)z = 0; yielding thereby z = Tz. 
But this implies that either z — T^XQ for some n or there exists a subsequence 
{T"'xo} converging to z. Since z is a fixed point of T, it can be concluded that, in 
either case, the sequence {T^XQ} converges to z. 
Remark 1.4.3. Let a be such that 0 < a < 1. Let T^ = a / + (1 - a)T. Then T 
satisfies given condition if and only if T^ does. To see this, note that 
I-T^ = {l-a){I-T). 
In Hilbert space, the relationship between monotone and nonexpansive mappings is 
expressed by next result. 
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Theorem 1.4.7. Let C be a subset of a Hilbert space X and T : C -^ X a. non-
expansive mapping. Then the mapping / — T is monotone (where / is the inclusion 
map). 
Theorem 1.4.7 enables us to prove the following useful property of nonexpansive 
mappings in Hilbert spaces. 
Theorem 1,4.8. For every nonexpansive mapping defined on a nonempty subset 
C of a Hilbert space X, the mapping / - T is demiclosed. 
Proof. 
Let {xn\ C C be a sequence that converges weakly to an element XQ G C and a 
sequence {a;„ — T{xn)} converges to an element t/o in ^- Then we have 
lim infll^ n - XQ\\ > lim inf||r.x„ - Txo\\ = lim inf||a;n - yo - Txo\\. 
n—>oo n—>oo n—)-oo 
Note that, in a Hilbert space X, if Xn -> Xo weakly and XQ =I^  y, then lim \\xn -
n—>oo 
xoll < lim inf||x„ - y||, so xo = yo + TXQ. That is, (/ - T)xo = yo-
n—>oo 
Theorem 1.4.9. Let X be a Hilbert space and C the closed ball {x e X : \\x\\ < r]. 
Then each nonexpansive mapping T : C -^ X has at least one of the following two 
properties: 
(a) T has a fixed point, 
(6) there exist x e SC and a G (0,1) such that x = aT{x). 
Several fixed point theorems are obtained from Theorem 1.4.9 by imposing condi-
tions that prevent occurrence of the second possibiUty. 
Corollary 1.4.1. Let C — {x € X : \\x\\ <r} and letT : C -^ X he nonexpansive. 
Assume that for all x € 6C, one of the following condition holds: 
(a) ||Tx|| < ||x||, 
{b) | i rxl |< | lx-Txll , 
(c) \\Txf<\\x\\' + \\x-Tx\\\ 
{d) {x,Tx)<\\xr, 
(e) Tx = -T{-x). 
Then T has a fixed point. 
In what follows, we show that some results on fixed point theorems can be 
obtained in the general setting of a Banach space, even when the hypothesis of non-
expansiveness is considerably weakened. Indeed, the analysis involved in the proofs 
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of various theorems on nonexpansive mappings does not require the full force of non-
expansiveness in case the existence of at least one fixed point is taken on hypothesis. 
Definition 1.4.4. A mapping T : X -^ X with a nonempty fixed point set F{T) 
is called quasi-nonexpansive if for p € F{T), 
\\Tx-p\\<\\x-p\\ 
holds for all X e X. 
The concept of quasi-nonexpansive mapping was essentially introduced by Diaz 
and Metcalf [41] together with some other related ideas. But later Dotson [43] ha-s 
labeled this concept as quasi-nonexpansive. It is clear that a nonexpansive mapping 
with at least one fixed point is quasi-nonexpansive. A linear quasi-nonexpansive 
mapping on a Banach space is nonexpansive. But there do exist continuous and dis-
continuous nonlinear mappings which are not nonexpansive. Dotson [43] gave the 
following example which is continuous quasi-nonexpansive but not nonexpansive. 
Example 1.4.3. The mapping T : 3fi -> 3f? defined by 
{ |sm;^, if X ^ 0 0, ifx = Q 
is quasi-nonexpansive but not nonexpansive. 
Here, Tx j^ x for any a; 7^  0. Otherwise if Tx = x, then x — f sin^ which is 
impossible. Also T is quasi-nonexpansive because for x G K, we have 
lira;-011= ^ sini < M < ||^|| ^ ||:, _ 0|| 
However, T is not nonexpansive map. Indeed, if xi = ;^ and X2 = •^, then 
I a:i - X2 h ^( i - ^ ) = ^ . Thus, | Txr - Tx2 \>\ x, - X2 [ 
Dotson [43] proved the following result for quasi-nonexpansive mappings. 
Theorem 1.4.10. Let C be a closed bounded and convex subset of a strictly convex 
Banach space X and let T : C -)• C be a quasi-nonexpansive mapping. Then F{T) 
is a closed convex set and T is continuous on F{T). 
§ 1.5. Multi-valued mappings 
This section deals with some basic observations about multi-valued mappings. 
In what follows, we use the following notations and definitions. 
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(a) 2^ = the family of all nonempty subsets of X. 
(6) CB{X) = {C e 2^ : C is closed and bounded}. 
(c) K{X) = {C G 2^ : C is convex}. 
{d) KK{X) = {C G 2^ : C is closed and convex}. 
(e) cpt(X) = {C e 2^ : C is compact}. 
(/) C[X) - {C G 2-'^  : C is compact and convex}. 
Definition 1.5.1. Let X and Y be two nonempty sets. A multi-valued mapping 
T from X to 7 , denoted by T : X -> 7 is a subset oiX xY. The inverse of T 
is the multi-valued mapping T"-^  -.Y-^X defined by (y, x) G T"'^  if and only if 
(x, y) G T. The values of T are the sets T{x) = {y G F : (x, y) G T}; i/ie /i6er5 o/T 
are the sets T-\y) = {x G X : (x,y) G T} for y G y . Thus, the value of T'^ for 
y G y is the fiber T'^y). 
For C CX, the set 
T{C) = U.ecT(x) = {y G y : r-^(y) n C ^ 0} 
is called the image of C under T; for K cY, the set 
T-\K) = VyeKT-\y) = {x e X : T{x) n X ^ 0}, 
the image of K under T~^ is called the inverse image of K under T. 
Definition 1.5.2. A multi-valued mapping T : X ^ X \s said to have a fixed point 
if the point belong to its own image set (i.e., z G T{z) for some z ^ X). 
Definition 1.5.3. Let X and Y be topological spaces. A multi-valued mapping 
r : X ^ y is called 
(a) upper semicontinuous if the inverse image of a closed set is closed, 
(6) lower semicontinuous if the inverse image of an open set is open. 
A multifunction T is called continuous if it is upper as well as lower semicontin-
uous. 
Example 1.5.1. If we define two multifunctions F,T : ^  -^ U as 
{0} ifxy^O ( {0} ifx = 0 
Tx= I 
ifx = 0, [ [ - 1 , 1 ] , ifx^O. 
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Clearly F is upper semicontinuous but not lower semicontinuous whereas T is lower 
semicontinuous but not upper semicontinuous. 
For the relation between a continuous map and an upper semicontinuous map, 
we have the following: 
Theorem 1.5.1. If T : X -)• cpt(X) is continuous, then it is upper semicontinuous. 
Remark 1.5.1. The condition that the values of T are compact subsets is not 
removable in Theorem 1.5.1. As a matter of fact a nonexpansive mapping T on X 
into 2^ may fail to be upper semicontinuous. 
Example 1.5.2[96]. Let X = [0,1] x [0,1] - {(0,1)} with the usual metric. Let 
{x,y) e X, define 
{ the segment {{x,z) : z e [0,1]} if a; 7^  0 
the segment {(0, z) : z e [0,1)} if x = 0. 
Then T : X ^ 2^ is nonexpansive on X but is not upper semicontinuous at (0, y) 
for any y E. [0,1). Because if we take 
U = {{x,y)eX:x + y<l}, 
then U is open and contains T(0,y). However U does not contain T{x,z) for 
{x,z) e X and a; 7^  0. Therefore no neighborhood of (0,2/) exists such that [/ 
contains the image of T at every point of the neighborhood. That is, T is not upper 
semicontinuous at (0, y). 
Theorem 1.5.2. If T : X -> 2^ is upper semicontinuous, then the function F, 
where F{x) = d{x, Tx) is lower semicontinuous. 
Definition 1.5.4. Let X and Y be topological spaces. A multifunction T : X ^Y 
is said to be 
(a) closed if it is closed as a subset oi X xY and 
(6) T is compact if the image T{X) of X under T is contained in a compact subset 
ofy. 
Following are some important and useful results in the theory of multi-valued map-
pings. 
Theorem 1.5,3. Assume that X, Y and Z are topological spaces. 
(a) If r : X -)• y is upper semicontiimous with compact values and Y is Hausdorff, 
then T is closed. 
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(6) If T : X -> y is upper semicontinuous with compact values, then T{C) is 
compact whenever C C X is compact. 
(c) UT : X -^ Y and F : Y ^ Z are upper semicontinuous, then F oT is also 
upper semicontinuous. 
Fixed point theory for multi-valued mappings was originally initiated by Neu-
mann [119 ] in the study of game theory. In 1941, Kakutani [81] proved a general-
ization of Theorem 1.3.1 due to Brouwer [15] to multi-valued mappings. 
Theorem 1.5.4[81]. Every upper semicontinuous multifunction T defined on a 
closed bounded and convex subset of 3f?" with nonempty closed convex values has a 
fixed point. 
The multi-valued analogue of Schauder's fixed point theorem was given by Bohn(m-
blust and Karlin [10] as follows: 
Theorem 1.5.5. Every upper semicontinuous multifunction defined on a nonempty 
compact convex subset of a Banach space with nonempty closed convex values has 
a fixed point. 
The multi-valued analogue of Tychonoff's fixed point theorem was given by Fan 
[52] and Glicksberg [58] independently. They proved the following result. 
Theorem 1.5.6. Every upper semicontinuous multi-valued mapping T defined on 
a nonempty compact convex subset of a locally convex Hausdorff topological vector 
space X with nonempty closed convex values admits a fixed point. 
Let {X, d) be a metric space and CB{X) denote the family of all nonempty 
closed bounded subsets of X. For A,B ^ CB{X) 
H{A, B) — max{sup d(a, B), sup rf(6. A)). 
H furnishes a metric on CB{X) commonly called the Hausdorff-Pompeiu metric. It 
is elementary, yet technical to verify that completeness of X imphes completeness 
of {CB{X), H) (see, Blumenthal [9, 1953]) 
Definition 1.5.5. Let Z be a metric space and CB{X) the family of nonempty 
closed bounded subsets oiX. A multifunction T : X -^ CB{X) is called a Lipschitz 
mapping with Lipschitz constant A; > 0, if H{Tx,Ty) < kd{x,y) for any x,y e X. 
T is called nonexpansive if fc = 1 and a set-valued contraction if fc < 1. 
Theorem 1.5.7. Let {X,d) be a metric space and T : X -i CB{X) a Lipschitz 
mapping with Lipschitz constant k. If a;„ ^ XQ, then d{xn,T{xn)) -> dixo,T{xo)); 
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that is, d{x,T{x)) is a continuous function of x. 
Nadler [116] gave the following multi-valued analogue of Banach Contraction 
Principle. 
Theorem 1.5.8. Every multi-valued contraction T : X -> CB{X) defined on a 
complete metric space X has a fixed point. 
Before closing this section, we give the notion of semiconvex mappings due to 
Ko [96] as follows: 
Definition 1.5.6. Let C be a convex subset of a normed space X. The mapping 
T : C -^ CB{X) is said to be semiconvex on C, if for any x,y eC, z = ax + {l-a)y 
where 0 < a < 1 and for any Xi 6 Tx, yi € Ty, there exists Zi 6 Tz such that 
||zi|| < max {||2;i||,||yi||}. 
Remark 1.5.2. A convex mapping is semiconvex but the converse is not true. 
Consider the mapping T{x) = y^, x G [0,1], for instance. The mapping T is 
semiconvex because it is strictly increasing. But T is not convex because if we take 
X = 1 and y = 0, 
^ = 1/4 = 1/4 • 1 + 3/4 • 0, 
then r ( l ) - l , 7(0) =0, but 
T{z) = ^/l74 = 1/2 ^ 1/4 T(l) + 3/4 T(0) = 1/4. 
§ 1.6. The iteration process 
In an iteration process, we choose an arbitrary point XQ in a given set and cal-
culate recursively a sequence {xo,x-[,X2,. • •} from a relation of the form 
i.e., for arbitrary XQ one successively writes Xi = TXQ, X2 = Txi = T'^XQ^ .... With 
the development of fast computers, iteration schemes are used in nearly every branch 
of applied mathematics and convergence proofs and error estimates are very often 
obtained using some fixed point theorems. 
We begin with the following results which deal with the convergence of the se-
quence of iterates for continuous functions defined on closed intervals. The following 
result is due to Hillam [70]. 
Theorem 1.6.1. If T : [0,1] -> [0,1] is a continuous function and XQ in [0,1] is any 
arbitrary point, then the sequence of iterates given by Xn+i - Txn, n = 0,l,2,.... 
converges to a fixed point of T if and only if Hm \xn+i - a;„| = 0 as n ^ oo. 
It is interesting to note that for a continuous function T : [a,b] -)• [a,b], the 
following statements are equivalent. 
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(a) T is asymptotically regular; that is, lim |x,i+i -x^l = 0 for all x in [a, b] where 
n->oo 
Xn+1 — -' Xji-
(6) T admits no cycle of order 2; that is, if for each x in [a, b] with x 7^  Tx, then 
X 7^  r^x. 
(c) {r"(x)} converges for each x in [a,b]. 
For nonexpansive mapping, we have the following result due to Bailey [4]. 
Theorem 1.6.2. If T : [a,b] -> [a,b] is a nonexpansive mapping, then x„+i = 
\{Txn + Xn} converges to a fixed point of T. 
The following is due to Hillam [70]. 
Theorem 1.6.3. Let T : [a, b] -)• [a, b] be a mapping such that \Tx-Ty\ < k\x - y\ 
for all x,y e [a,b]. Let xi 6 [a,b] be arbitrary and Xn+i = (1 - Oi)xn + aTxn where 
a = T^fc- Then {x^} converges monotonically to a fixed point of T. 
The sequence of successive approximation for nonexpansive mapping, unlike con-
traction mapping, may fail to converge, e.g., rotation about the origin in a plane 
where Xn+i = Txn{xo ^ 0) does not converge. 
An early result, regarding the convergence of sequence of successive approxima-
tion is due to Krasnoselskii [85]. 
Theorem 1.6.4. Let X be a uniformly convex Banach space and C a closed 
bounded and convex subset of X. If T : C -> C is nonexpansive and T{C) is 
compact, then the mapping defined by 
Tix = -X + -Tx 
2 2 2 
has the property that its sequence of iterates always converges to a fixed point of T. 
Since T and Ti have the same fixed points, the limit of a convergent sequence 
given by 
- ^ ^T 
is necessarily a fixed point of T. 
More generally, if C is a convex set in a Banach space X and T : C -)• C is a 
nonexpansive mapping, then for a e (0,1), 
TaX = ax + {l- a)Tx 
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is a nonexpansive map and has the same fixed points as T. Schaefer [142] proved 
that the sequence Xn+\ = otXn + (1 - OL)Txn converges to a fixed point of T under 
the assumptions of Theorem 1.6.4. Since a nonexpansive mapping may have more 
than one fixed point, the limit of Xn+i = otXn + (1 - a)Txn can depend on XQ and 
on a as well. 
Edelstein [47, 1966] succeeded in relaxing the condition of uniform convexity and 
proved Theorem 1.6.4 for strictly convex Banach spaces. Diaz and Metcalf [41] gave 
the theorem for strictly Banach spaces for the sequence of the type 
Xn+l = aXn + (1 - Ol)TXn. 
In 1971, Petryshyn [126] extended the result to densifying nonexpansive map-
pings. Whose definition involve the notion of measure of noncompactness described 
as follows: 
Definition 1.6.1. Let C be a bounded subset of a metric space X. Then one 
defines the measure of noncompactness a{C) of C by 
a{C) = inf{e > 0 : C admits a finite covering of subsets of diameter < e}. 
Definition 1.6.2. Let T : X ^ X he a, continuous mapping of a Banach space X. 
Then T is called a k-set contraction if, for all bounded C C X T{C) is bounded and 
a{TC) < ka{C), 0 < A; < 1. If 
a{TC) < a{C), for all a{C) > 0, 
then, T is called densifying (or condensing). 
A k-set contraction, with k € [0,1) is densifying but the converse is not true. 
If a{T{C)) < a{C), then T is called a 1-set contraction. 
Theorem 1.6.5. Let C be a closed bounded and convex subset of a strictly con-
vex Banach space X and T : C -> C a densifying nonexpansive mapping. Let 
TaX = ax + (1 - a)Tx for constant a, with 0 < a < 1. Then, for each a;„ G C, 
the sequence Xn+i = aXn + (1 - ct)Txn, n = 0,1,2, . . . converges strongly to a fixed 
point of T in C. 
The following theorem is due to Petryshyn and WiUiamson [128]. 
Theorem 1.6.6. Let C be a closed subset of a Banach space X and let T : C -)• X 
be continuous mapping such that 
(a) F{T) + 0, 
(6) for each a; € C and every p G F ( r ) , \Tx - p|| < ||a; - j9||, and 
(c) there exists an XQ ^ C" such that a;„ = T^XQ e C for each n > 1. 
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Then {xA converges to a fixed point of T in C if and only if Hm d(xn, F{T)) = 0. 
In 1981, Das, Singh and Watson [34] gave the following result. 
Theorem 1.6.7. Let C be a closed subset of a Banach space X and let T : C -> X 
be a quasi-nonexpansive mapping. Suppose that Xi e C is such that 
yields {xn} either as a sequence in a normal Mann process (Def. 2.3.1) or a sequence 
of iterates (x„+i = Txn). If lim d{xn,F{T)) — 0, then {xn} converges to a fixed 
n->oo 
point of T. 
Remark 1.6.1. 
(a) In this case, YL ^n being divergent is not required. Also, it is evident that for 
an = 1 (for each n), this theorem holds for complete metric spaces. 
(6) If Qfn — 1 for each n, one gets Theorem 1.6.3 of [128] as long as T is not 
assumed to be continuous. 
In 1970, Dotson [42] considered the iteration process given below and discussed 
the convergence of the sequence given by 
Xxi-\-\ ^^ (,•!• O^nJ'^n I Oijil Xn-
Theorem 1.6.8. Let C be a closed subset of a Banach space X and let T : C -)• X. 
Let {an} be a sequence such that a„ G (0,1) for each n. Let 2;i G C be such that 
Xn+i is defined by 
Xn+l = (1 - 0!n)Xn + CtvTXn, V 71. 
If 0 < Qfn < 1 and Y^Cin diverges, then {xn} is a normal Mann process [111]. 
Results in the same direction were also given by Reinermann [135] and Rhoades 
[136]. 
Recently, Edelstein and O'Brien [49] and Ishikawa [77] independently proved 
that even strict convexity in Theorem 1.6.5 is not essential. Edelstein and O'Brien 
[49] considered 
TaX = otTx + (1 - a)x, {T2{XQ) = x^) 
whereas Ishikawa considered the sequence of the type 
Xn+\ ^^ (,•'• ~ ^n)Xn i Oin^ Xjj, 
where {«„} 6 (0, l),a„ < / < 1 and Xl^ Jn = +oo. 
They proved independently that the sequence defined above has the property 
that lim||a;n+i - Xnll = 0 as n -^ oo. If the range of T is precompact, then the 
sequences {T^XQ} and {x^}, where Xn+i = (1 - dnjXn + otnTxn, converge to a fixed 
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point of T. 
The following is also due to Dotson [44]. 
Theorem 1.6.9. Let X be a Hilbert space and f : X -^ X a monotonic nonex-
pansive operator on X. For yo ^ -^, define T : X -^ X hy Tu — -fu + yo iox all 
u e X. Suppose 0 < ccn < 1 for all n = 1,2,..., and Yl "n(l - cin) diverges. Then 
n->oo 
a;„+i = (1 - an)Xn + OinTXn 
converges to the unique solution of the equation u + Tu — yo. 
Hirano and Takahashi [71] proved the following for asymptotically nonexpansive 
mapping. 
Theorem 1.6.10. Let C be a closed convex subset of a Hilbert space X and 
T : C -> C be such that 
(a) T is asymptotically nonexpansive, and 
(6) for each z eC, {T'^z} is bounded. 
n - l 
Then for each x e C, s„(x) = ^ ^ Vx converges weakly to a fixed point of T. 
i=0 
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CHAPTER 2 
SELECTED FIXED POINT THEOREMS FOR 
NONEXPANSIVE MAPPINGS 
§ 2.1. Introduction 
As discussed in Chapter F*, a mapping T from a nonempty subset C oi X, 
(where X is a metric space with metric d) is called nonexpansive if its Lipschitz 
constant k does not exceed 1. Thus this class of mappings includes the classes of 
contractions, strictly contractive mappings and isometrics (including the identity). 
Explicitly speaking, T : C -)• X is nonexpansive if 
d{Tx,Ty)<d{x,y), V x , y 6 X 
Banach Contraction Principle is one of the greatest theorems ever proved in 
mathematics. Its setting is very natural as the sequence of iterates for every point 
of a complete metric space converges due to contraction condition which turns out 
to be the unique fixed point of the involved map. Thus this principle also pro-
vide an excellent method of computation of fixed point in its specific setting using 
sophisticated method of computation. The theory of fixed point of nonexpansive 
mappings is relatively much more cumbersome and tricky as sequence of iterates of 
such mapping need not converge. The following example illustrate this fact better. 
Example 2.1.1. Let T : [-1,1] -> [-1,1] be given by Tx = -x. Then for 
XQ 7^  0, Xn+i = Txn docs uot convcrgc to 0 = T{0). 
Clearly T is a nonexpansive mapping and has a fixed point but the iterative 
procedure fails to converge. 
Example 2.1.2. T : 5? ->• 5? is given by T{x) = I - x, then Xn+i = Txn gives, for 
xo = 1 say, X2n = 1 and X2n+i = 0 for n > 1. 
Nonexpansive mapping may be fixed point free (e.g. translation mapping) and 
obviously when such a mapping has a fixed point it need not be unique, e.g., the 
identity mapping. The first important result in the theory of fixed points for non-
expansive mappings was obtained by R. deMarr [38] who has proved an interesting 
extension of the famous results of Kakutani [80] and Markov [113]. 
Thus theory of fixed point of nonexpansive mappings form a natural subject 
for investigation. We begin with a natural question that on general Banach spaces 
nonexpansive mappings may fail to have fixed points (as demonstrated by Sadovskii 
[140]). 
Example 2.1.3[140]. Let co be the Banach space of all sequences converging to 
zero with the norm, 
X = (xt) -> ||a;|| =sup|xi| 
t > i 
and let C be the set of all x e CQ such that ||a;|| < 1. Then C is a closed bounded 
and convex set in CQ. Define following map on C, 
r x = (l,Xi,X2,a;3,...) 
where x = (xj). It is obvious that T is a nonexpansive mapping on C with values 
in C and, moreover, that T is an isometry, i.e., for any x,y in C, 
l | rx-Ty| | = | | x - j / | | . 
If T has a fixed point in C then this is necessarily of the form (1,1,1,...) which is 
not in CQ. 
This example suggests that in order to obtain positive results in the problem of 
existence of fixed points for nonexpansive mappings it is necessary to impose some 
restriction either on the mapping or the space. 
The problem of determining conditions on C (or on the space X containing C) 
ensuring the existence of fixed points of nonexpansive mappings defined on C hais 
its origin in four papers which appeared in 1965. In the first of these Browder [17], 
proved that a closed bounded convex set C C X has f.p.p. if X is a Hilbert space. 
Almost simultaneously, both Browder [19] and Gohde [66] proved that the same is 
true if X belongs to the much wider class of 'uniformly convex' space. At the same 
time Kirk [87] observed that the presence of a geometric property called 'normal 
structure'(see Def. 1.2.14) guarantees that C C X has f.p.p. ii X is reflexive. The 
concept of normal structure was introduced in 1948 by Brodskii and Milman [14] 
to study fixed points of isometries and it is a property shared by all uniformly con-
vex spaces. This line of argument has been exploited to yield further results on 
the existence and calculation of fixed points of nonexpansive mappings in Hilbert 
spaces and in certain classes of Banach spaces, for one can be referred to Browder 
[16,18,20,21,23,24] Browder and Petryshyn [28, 29] and Opial [120]. 
§ 2.2. Nonexpansive mappings on some classes of 
Banach spaces 
In this section, we present results obtained on the existence of fixed points of 
nonexpansive mappings when underlying Banach space enjoys some geometric prop-
erties such as uniform convexity, reflexivity or property of normal structure etc. 
Fixed point theorems for nonexpansive mappings can be divided into two main 
classes: the one class is consisted of those theorems which make heavy use of topo-
logical notion such as continuity, compactness etc.; important results in this area 
are given by Tychonoff [163], Lefschetz [101], Ky Fan [52] and many others. The 
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other class contains results proved in metrical spaces using convexity and dealing 
with nonexpansive mappings: related names of beginners are, among others, those 
of Browder, Gohde and Kirk. In fact, much work concerning this second class of 
problems was done around 1965. In what follows, we are going to discuss results of 
the second type, which are related to geometry of Banach spaces. 
The following theorem is given by Kirk [87, 1965] wherein he used the following 
characterization of reflexivity due to Smuhan [153] and a concept of Brodskii and 
Milman [14] to prove a fixed point theorem for mappings which do not increafiie 
distances. 
Theorem 2.2.1 [153]. Necessary and sufficient condition for a Banach space X to 
be reflexive is that, every bounded descending sequence of nonempty closed convex 
subsets of X have a nonempty intersection. 
Theorem 2.2.2[87]. Every nonexpansive self mapping of a nonempty closed bounded 
and convex subset of a reflexive Banach space X possessing normal structure has a 
fixed point. 
Proof. 
Let ^ — {K C C : T{K) C K]K is nonempty closed and convex }. Since 
C G 4>, $ is nonempty; $ can be partially ordered by set inclusion. 
A chain t/) in $ has the finite intersection property. 
Now, as a closed bounded convex set in a reflexive Banach space, C is weakly 
compact. Therefore, the family xjj of weakly closed subset of $ has nonempty inter-
section, i.e., G = C\Ci&iiiCi 7^  0. 
Moreover, G is closed convex and invariant under T; that is, T{G) C G. There-
fore, G G $ is a lower bound for ip. Then by Zorn's lemma, $ has a minimal element, 
say Co-
If Co is a singleton, say {XQ}, proof is complete since T(Co) C CQ would then 
imply TXQ = XQ. 
Let co(TCo) denote the closed convex hull of T{CQ). Since T{CQ) C CQ, we have 
5{C6{CQ)) = d> 0. Since C has normal structure, there exists a point XQ € CQ which 
is not diametral, i.e., there exists B{xo, di) such that 0 < di < d and Co C B(a;o, c^ i)-
Let F = {x e Co : Co C B{x,di)} = Co n {Oy^CoBiy, di)}. 
Then F c CQ. F J^ CQ since rfi < d. Now F is closed and convex. That 
F is invariant under T follows as given here. U x e F c CQ and y e Co, by the 
nonexpansiveness of Tone gets, ||Tx-Ty|| < \\x-y\\ < di, sothatTCo C B{Tx,di). 
But B{Tx, di) is a closed convex set containing TCo, so Co = co{TCo) C B{Tx, di) 
and by the definition of F, one have Tx € F. 
Thus, F is a closed convex invariant proper subset of Co contradicting the min-
imality of Co in $. Therefore, Co contains exactly one point. 
Remark 2.2.1. Theorem 2.2.2 remains true if X is any Banach space and C is a 
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convex weakly compact subset having normal structure. 
It is worth noting that all the conditions of Theorem 2.2.2 are necessary. In order 
to have a better insight into the theorem we demonstrate the same using examples 
which are essentially borrowed from Singh et al [149]. 
(a) In order to demonstrate the closedness of C, let X = 5R be a Hilbert space and 
C the interior of the unit ball; that is, C = {x : \\x\\ < 1}. Define T : C ^ C 
by Tx = ^{x + a) where ||a|| = 1, a is real. Obviously, T is nonexpansive, but 
T has no fixed point. 
(b) A translation in a Banach space is an isometry and obviously has no fixed 
point which establishes the necessity of C to be bounded in Theorem 2.2.2. 
(c) For exhibiting the essentiahty of convexity of C, let X = 5? be a Hilbert space 
and C the set containing just the two points a and b. Define T : C -^ C such 
that Ta — h,Tb = a. Clearly T is an isometry, but has no fixed points. 
{d) For demonstrating the necessity of reflexivity ofX let X = C[0,1] be a Banach 
space with sup norm. It is known that C[0,1] is not a reflexive Banach space. 
Let C = {/(t) e C[0,1] : 0 = /(O) < f{t) < /(I) = 1}. Define T : C ^ X by 
Tf{t) = t.flt), t e [0,1]. Then T[C) C C and T has no fixed point. 
It is worth mentioning that one of the most revealing question still remains 
unanswered: Is reflexivity essential for f.p.p.? However, there is compelling 
evidence that the answer might be affirmative. First it is known that some 
closed bounded convex sets in the classical nonreflexive spaces CQ and /i, fail 
to have f.p.p.. Also, it has been shown that if X is any Banach space with an 
unconditional basis, then X is reflexive if and only if X contains a subspace 
isomorphic to CQ and li. 
(e) For establishing the necessity of normal structure of X let CQ be the Banach 
space of null sequences and let C be the unit ball in CQ. Define the mapping T : 
C —)• C by T{xi,X2, •••) = {l,Xi,X2,---). Then T is a nonexpansive mapping 
from C to itself but has no fixed points since (xi, 0:2, x^,- ••) = (1, a;i, X2, • • •) 
would imply that xi = 22 = X3... = 1 and, hence, (a;i,X2,•••) ^ CQ. In this 
case, the Banach space X = CQ does not have normal structure. 
An immediate consequence of above theorem is the foUowing well-known result, 
which was proved independently by Browder [19], Gohde [66] and Kirk [87]. 
Theorem 2.2.3. Every nonexpansive self mapping T of a closed bounded and con-
vex subset of a uniformly convex Banach space has a fixed point. 
Taskovic [161, 2002] extended Theorem 2.2.2 to diametral contraction. 
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Definition 2.2.1. Let C be a nonempty subset of a Banach space X. A mapping 
T : C -^ X IS called diametral contraction on C if 
\\Tx - Ty\\ < sup{||a; -z\\:zeC] \/ x,y E C. 
Definition 2.2.2. Let J" be a collection of all closed bounded and convex subsets 
of a normed space X. A mapping T : C -^ C (for C G J^) is said to be diametral 
contractive if 
\\Tx - Ty\\ < sup{||a; - z\\ : z e K} 
for every K e J^ with K C C and for all x,y e K. A normed space X is said to have 
diametral fixed point property if every diametral contractive mapping T : C -^ C 
has a fixed point. 
Theorem 2.2.4. Let C be a nonempty closed bounded and convex subset of a 
reflexive Banach space X and suppose that C has normal structure. If T is a di-
ametral contractive mapping of C into itself, then T has a fixed point in C. 
Since the reflexivity of the space and normal structure of C are consequences of 
the uniform convexity of X, following corollary can be derived directly. 
Corollary 2.2.1. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex Banach space X and T be a self mapping of C. If there are real 
numbers a, 6, c > 0 such that 
\\Tx - Ty\\ < a\\x - y\\ + b\\x - Tx\\ + c\\x - Ty\\ 
and a + 6 + c = 1 for all X, y e C, then T has a fixed point in C. 
As an immediate consequence of Theorem 2.2.4 one can obtain the following 
statements: 
Corollary 2.2.2. Let C be a nonempty closed bounded and convex subset of a 
reflexive Banach space X and suppose that C has normal structure. If T maps C 
into itself and if there are real numbers a,b,c>0 such that 
\\Tx - Ty\\ - a\\x - y\\ < max{b\\x - Tx\\ + c\\x - Ty\\,b\\y - Ty\\ + c\\y - rx | |} 
and a + b + c— 1 W x,y £ C, then T has a fixed point in C. 
Corollary 2.2.3. Let C be a nonempty closed bounded and convex subset of 
a reflexive Banach space X and suppose that C has normal structure. If T is a 
mapping of C into itself such that 
supdlTx - Ty\\ •.yeC}< sup{|lx -y\\:yeC} V x 6 C, 
then T has at least one fixed point in C. 
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Question 2.2.1. Does Theorem 2.2.4 remains true for reflexive Banach spaces 
without normal structure? 
Question 2.2.2. If every normed space X have diametral fixed point property does 
X has normal structure? 
Belluce and Kirk [6] extended Theorem 2.2.2 for finite family of commuting non-
expansive mappings in following way. 
Theorem 2.2.5. If C is a nonempty bounded weakly compact and convex subset 
of a Banach space X and if C has normal structure then every finite family J^ of 
commuting nonexpansive mappings of C into itself has a common fixed point. 
Here it may be pointed out that Theorem 2.2.5 holds for infinite families if the 
norm of X is strictly convex. For if the norm is strictly convex then the fixed point 
set for each T ^ T \s nonempty closed bounded and convex. Hence these fixed poirt 
sets are weakly compact and have the finite intersection property. Thus there will 
be a point common to all of them. 
On the other hand, same authors [7] later showed that by strengthening the condi-
tion of normal structure appropriately one can establish the existence of a common 
fixed point for arbitrary families without assuming strict convexity of the norm. 
Definition 2.2.3. For subsets C and K oi X with C bounded, let (for x ^ X) 
r^{C) =sup{||a;-y|| : y G C}, 
T{C,K) = M{r,{C):x^K], 
C{C,K) = {x e K : r,{C) = riCK)}. 
The set C{C, K) is frequently referred to as the Chebyshev center of C in X. 
Definition 2.2.4. Let C be a closed bounded convex subset of X. Then C is 
said to have complete normal structure if every closed convex subset K of C which 
contains more than one point satisfies the condition that "for every decreasing net 
{Ka : a € A} of subsets of A' which have the property that r{Ka, K) = r{K, K), a £ 
A it is the case that the closure of r\aeAC{Ka, K) is a nonempty proper subset of K". 
Theorem 2.2.6. Suppose C is a weakly compact convex subset of a Banach space 
X, such that C is equipped with complete normal structure. Let .7^  be a commuting 
family of nonexpansive mappings of C into itself. Then there is a point x ^ C such 
that T{x) = X for each T e T. 
Kirk [89] obtained conditions sufficient to guarantee the existence of fixed points for 
a mapping T such that T"' is nonexpansive. 
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Theorem 2.2,7. Let X be a reflexive Banach space equipped with strictly convex 
norm and suppose C is a nonempty closed bounded and convex subset of X which 
possesses normal structure. Suppose the mapping T : C -^ C has the property 
that for some integer n > 1, T" is nonexpansive and suppose further that there is 
a constant k satisfying 
n-^iin - l)(n - 2)^ + 2(ji - l)fc] < 1 (2.2.1) 
such that \\T^x - Py\\ < k\\x - y\\ for all a;,y € C, 1 < j < n - 1. Then T has a 
fixed point in C. 
For the case n = 2, inequality (2.2.1) becomes fc < 2. Goebel [59] obtained a 
sharper result in this case using the concept of "modulus of convexity". Specifically, 
let B be the closed unit ball in X and let 
S{e) = inf{l - ||x - y\\/2 : x,y e B and \\x - y\\ > e} 
with X and C as in Theorem 2.2.7, then a mapping T : C -^ C has a fixed point if 
\\T^x - T'^yW < \\x - y|l where 
{k/2){l-5{2/k))<l. 
The above inequality holds for fc < 2 in an arbitrary Banach space. This yields 
Theorem 2.2.7 in the case n = 2 in arbitrary spaces. 
Several other positive results were proved under various conditions of geometric 
type on the norm of X ensuring the existence of a fixed point for a nonexpansive 
mapping T. The following notions and results are crucial in describing the forth-
coming results, 
(a) (Browder [18]) X admits a sequentially continuous duaUty function F^ : X, 
a{X,X*)-^X*,a{X*,X) {i.e., a function F^, such that {x,F^{x)) = ||x||||F^(:c) 
and ||F^(x)|| = (/^ idl^ ;!!) for all x e X, where 0 : K"*" -> K"*" is continuous strictly 
increasing with 0(0) = 0 and (/i(4-oo) = +oo. 
(6) (Opial [120]) If a sequence {a;„} converges weakly in X to XQ, then 
liminf ||a;„ - a;|| > liminf ||a;„ - xo||, V a; 7^  XQ-
(c) (Brodskii and Milman [14]) Every weakly compact convex subset C of X ha^ 
normal structure. 
When T is single-valued, the existence of a fixed point for T in C was proved by 
Browder [18] if X satisfies (a) and if T can be extended outside C in a nonexpansive 
way and by Kirk [87] if X satisfies (c). 
In 1972, Gossez and Dozo [68] not only proved the relationship between conditions 
(a), (6) and (c) but also defined following two more conditions: 
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(d) same as (a) except that F^ is only required to be sequentially continuous at 
zero and 
(e) same as {b) except that > is replaced by > to establish the further connection 
between the above defined geometric properties. 
Theorem 2.2.8. (a) implies (6) and (6) implies (c). No converse implication holds, 
even when X and X* are assumed to be uniformly convex. 
Theorem 2.2.9. (d) imphes (e). The converse implication holds when the norm of 
X is uniformly Gateaux differentiable. 
The last part of Theorem 2.2.8 can be explained as follows: 
When I < p < oo p / 2 , 1/(0, 2-K) satisfies (c) since it is uniformly convex but 
Opial [120] showed that even (e) does not hold. When 1 < p / q < oo the Hilbert 
product of P and l'^ satisfies (6) but Bruck [30] showed that (a) does not hold. A 
finite dimensional space whose norm is not differentiable provides another example 
of a space satisfying (d) and (b) but not (a). 
The following situation holds in general: 
Fig. 2.2.1 
Following examples exhibits a space satisfying {d) but not (c). 
Example 2.2.1. Consider the space F endowed with the norm 
bl |=max| - | |x | | (2 ; | |x | [ /c»l . 
if i\\4i^ > M\i^ 
X = ( X i , X 2 , . . . ) 
(0 , AXmoA--) if \\\x\\l2 <\\x\\i^, 
where mo = inf (m : } and Xma stands at the mf' place, defines a duality 
function which is sequentially weakly continuous at zero. 
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Example 2.2.2. Consider the sequence space CQ with the following norm 
1/2 
|x||=sup^5]2-^^x^/ 
i=l 
where the supremum is taken over all permutations a oi N, defines on CQ an equiva-
lent norm [35] which is known to be locally uniformly convex, CQ endowed with this 
norm satisfies (d) but not (c). 
Although (e) does not generally imply (6), following theorem due to Gossez and 
Lami [68] demonstrates the condition under which it does. 
Theorem 2.2.10. (e) implies (6) when X is uniformly convex. 
In 1973, Kannan [83] substituted the condition of normal structure on the subset C 
of X with the Property C on mapping T in Theorem 2.2.2 described as follows: 
Definition 2.2.5. For every nonempty closed bounded and convex T-invariant 
subset K oi C which contains more than one element there exists x G K such that 
supllx-r^xjl < sup \\z-Ty\\. 
r z,y&K 
It should be noted that if K has normal structure then T has Property C on K 
where T is a nonexpansive mapping of K into itself. Converse is not true as it can 
be easily seen from the following example. 
Example 2.2.3. Let B be the space isomorphic to the Hilbert space X with norm 
defined by 
||x|| =sup<^-||x||x,|a;n| > xeX. 
Then C — {x : \\x\\x < 1 and Xi > 0 for all i } does not have normal structure. It 
is easy to define nonexpansive mapping T on C for which Property C is true. 
Using 'Property C , Kannan [83] gave the following modified version of Theorem, 
2.2.2. 
Theorem 2.2.11. Let T be a continuous self mapping of a closed bounded subset 
C of a refiexive Banach space X into itself such that T enjoys property Cover C. If 
T satisfies either 
\\Tx-Ty\\<^-{\\x-Tx\\ + \\y-Ty\\}, x,yeC, 
or 
\\Tx - Ty\\ < \\x - yl x,y e K, 
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then T has a fixed point in C. 
Remark 2.2.2. Theorem 2.2.10 can be partially derived from Theorem 2.2.2. 
Gillespie and Williams [56] introduced the concept of uniform normal structure in 
Banach spaces and proved that 
Theorem 2.2.12. Any nonexpansive self mapping of a closed bounded and con-
vex subset C of a Banach space X with uniformly normal structure has a fixed point. 
Also Gillespie and Williams [57] proved a fixed point theorem for certain Kannan-
type mapping under the assumption that X has uniform normal structure, which is 
as follows: 
Theorem 2.2.13. If C is a closed bounded and convex subset of a Banach space 
X and T : C ^ C such that 
\\Tx-Ty\\<\{\\x~Tx\\ + \\y-Ty\\}, 
then T has a unique fixed point provided X possesses uniform normal structure. 
Since it is known that a Banach space X having uniform normal structure is al-
ways reflexive hence the main results of Gillespie and Williams [56, 57] are contained 
in Kirk [87], Gohde [66] and Kannan [83] respectively. In an attempt to improve 
Theorem 2.2.13, Bose and Sahani [12] proved the following fixed point theorem. 
Theorem 2.2.14. Let C be a closed bounded and convex subset of a Banach space 
X equipped with a uniform normal structure. If T : C -^ C is such that 
\\Tx - Ty\\ < a\\x - y\\ + b{\\x - Tx\\ + \\y - Ty\\} + c{\\x - Ty\\ + \\y - Tx\\} 
for all x,y ^ C and for some a,b,c > 0 such that 3a + 26 + 4c < 1, then T has a 
fixed point. 
The initial attempts to extend Theorem 2.2.2 to the nonhnear cases were not very 
successful. In 1979, Penot's [124] formulation of this theorem may be considered as a 
gateway to some interesting new results. Specially, the extension of normal structure 
ideas to some discrete sets. 
Penot [124] presented an abstract version of Theorem 2.2.2 for nonexpansive 
mappings. Penot observed that a fairly straightforward modification of the proof of 
Theorem 2.2.2 and yields the following: 
Theorem 2.2.15. If {X,d) is a bounded metric space equipped with a con-
vexity structure which is compact and normal, then every nonexpansive mapping 
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T : X ^ X has a fixed point. 
Penot's [124] result is based essentially upon the original line of argument which 
uses Zorn's lemma. Subsequently, Kirk [93] proved that a different approach yields 
the abstract result under even weaker assumptions. In general Kirk [93] showed that 
countable compactness suffices for this result. 
Theorem 2.2.16[93]. Let 5 be a class of countably compact subsets of a bounded 
metric space {X, d) stable under arbitrary intersection and normal. Suppose further 
that S contains the closed balls of X. Then every nonexpansive mapping T of X 
into itself has a fixed point. 
The above theorem differs from Penot's result(cf. [124]) wherein countable com-
pactness is assumed rather than compactness. Later Kulesza and Lim [98] showed 
that a normal convexity structure is compact if and only if it is countably compact. 
Browder [22] appHed general theory of accretive operators to strengthen the fixed 
point theory of nonexpansive mappings in uniformly convex spaces. 
Definition 2.2.6. Let X be a Banach space. If T is a mapping with domain D{T) 
in X and with values in X, then T is said to be accretive if for all w, t; G D{T) and 
some i e J{u — v), 
{Tu-Tv,j)>0, 
where j denotes the normalized duality mapping. 
In case / is a nonexpansive mapping of D{f) into X and if we set T = / -
/, D{T) ~ D{f), then T is an accretive mapping of D{T) into X. 
Theorem 2.2.17. Let X be a Banach space equipped with uniform structure, B a 
closed ball in X, C an open subset of X containing B. Suppose that T is a nonex-
pansive mapping of C into X which maps the boundary of B into B. Then T has 
a fixed point in B. 
Similar fixed point theorems for nonexpansive mappings, in spaces which do not 
have normal structure can be found in Browder [22, 26], Browder and Petryshyn [29], 
Petryshyn and Williamson [127, 128], Kirk [89, 90, 92] and references quoted therein. 
Browder and Petryshyn [29] proved the following. 
Theorem 2.2.18. Every nonexpansive self mapping of a nonempty closed bounded 
and convex subset of a Hilbert space X has a fixed point. 
The unbounded closed convex set in Banach spaces fall into two distinct cate-
gories. The one category is consisted of those which are linearly unbounded in the 
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sense that they have an unbounded intersection with at least one hne, whereas, the 
other category is consisted of those sets which are Unearly bounded. 
Any convex set C in a reflexive Banach space which is unbounded yet hnearly 
bounded possesses "almost fixed point property" i.e., inf{||a;-ra;| | : x e C} = 0 for 
each nonexpansive mapping T : C -^ C Special cases of this result are available in 
Goebel and Kuczumow [65] and Ray [130] and it was established in full generality 
by Reich [134]. In this regard the following question remains open. 
Question 2.2.3. Does there exist an unbounded closed and convex subset of a 
Banach space which has the fixed point property for nonexpansive mapping? 
If such a set exists it must of course be linearly bounded. Sine [148] showed that 
no such set can exist in Hilbert spaces. 
In case X is a Hilbert space and C is closed convex unbounded and linearly 
unbounded, then it is not difficult to construct a fixed point free mapping. For this 
we have 
Example 2.2.4. Let T be a self mapping defined on a linearly bounded set 
C = {x e l^ : \\x\\ < 1 for all i} such that T : {xi,X2,...) -)• (l,Xi,X2,...). 
Clearly, T is an isometry which is fixed point free. 
Ray [131] proved the following theorem for fixed point property of nonexpansive 
mappings in Hilbert space. 
Theorem 2.2.19. Let C be a closed and convex set in a real Hilbert space X. 
Then C has the f.p.p. for nonexpansive mappings if and only if C is bounded. 
Since the set F{T), set of fixed points of T, may be empty unless X has some 
geometrical and topological properties. In 1981, Goebel and Koter [64] proved a 
fixed point theorem by putting some additional conditions on the mapping T itself. 
Definition 2.2.7. A nonexpansive mapping T : X -)• X is called n-rotative if there 
exists an integer n > 2 and a real number a <n such that for any x ^ X 
| | x - T " x | | < a | | x - r x | | . 
It should be noted that if T is nonexpansive, then for each positive integer m, 
llx-T'^xll < m| |x-ra; | | . One can observe that if T is n-rotative, it is also m-rotative 
for m > n. 
The simplest examples of rotative nonexpansive mappings are all contractions, 
rotations of Euclidean space SfJ" or any periodic nonexpansive mapping in any Ba-
nach space. 
Theorem 2.2.20. The set of fixed points of a rotative nonexpansive self mapping 
defined on a Banach space is nonempty. 
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§ 2.3. Results via iterations 
It is well known that unlike contraction mappings sequence of iterates need not 
converge for nonexpansive self mapping T defined on a nonempty closed bounded 
and convex subset C of a Banach space X. Karsnoseleskii [85] proved that, for some 
xo e C, the sequence {T"xo} does not converge necessarily to a fixed point of T 
whereas the sequence {T^XQ}, where 
Ta = {I - a)I + aT, 0 < a < l (2.3.1) 
may converge to a fixed point of T. Karsnoselskii [85] proved that the sequence 
{Tfxo} associated with mapping T defined on a compact convex subset C of a 
2 
uniformly convex Banach space X converges to a fixed point T. Schaefer [142] 
extended this result for a general number a. 
The scheme (2.3.1) extended by the so-called "Mann iterative process" associated 
with a self mapping T of a normed space X is described as 
x„+i = (1 - a„)x„ + anTxn 
for XQ G X and n > 0 where {«„} satisfies the conditions 
(a) ao = 1, 
(b) 0 < Qfn < 1 and 
(c) Yl ^n diverges. 
Mann [111] proved that if a continuous self mapping T has a unique fixed point 
in a closed unit interval, then the Mann iterates converge to that fixed point. By 
now this method of Mann [HI] is one of the most powerful methods to approximate 
fixed points in Banach spaces. Mann's iteration method have been investigated by 
several authors such as: Krasnoselskii [85], Edelstein [47], Opial [120], Outlaw [122], 
Dotson [42] and others. They showed that these iterative methods may be used 
to prove a fixed point theorems for a nonexpansive mapping T in Banach space 
equipped with specific geometric properties (e.g. uniform convexity, strict convex-
ity etc.). In what follows, we mention some selected fixed point theorems of this kind. 
Outlaw [122] discussed the iteration procedure introduced by Mann [HI] on com-
pact convex sets in a strictly convex Banach space and gave the following result. 
Theorem 2.3.1[122]. Let C be a compact convex subset of a strictly convex 
Banach space X and let T be a nonexpansive mapping on C. Let Xi G C and define 
a sequence {xn} in C by 
_ 1 1 
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Then {xn} converges strongly to a fixed point of T. 
Ishikawa [77, 1976] extended this theorem to a Banach space without strict con-
vexity. Ishikawa [77] considered the following iterative procedure which is a special 
case of the generalized iteration method introduced by Mann [111]. 
Definition 2.3.1. If C is a subset of a Banach space X, T is a, mapping from C 
into X and xi G C, then M(xi,a„,T) is the sequence {xn} defined by 
where {a„} is a real sequence. If a point Xi and sequence {an} satisfy the following 
three conditions: 
oo 
(a) ^ a„ = oo, 
n=l 
(b) 0 < an <b < I for all positive integer n, 
(c) Xn ^ C for all positive integer n, 
then Xi and {a„} will be said to satisfy condition (A). 
Ishikawa [77] employed his iterative method to prove results on nonexpansive 
mappings without any assumption of convexity on subsets of underlying Banach 
spaces. Following is a fixed point theorem for a nonexpansive mapping which il-
lustrates how the iterative process M{xi,an,T) may be utilized to realize the fixed 
point. 
Theorem 2.3.2. Let C be a closed subset of a Banach space X and let T be a 
nonexpansive mapping from C into a compact subset of X. If there exist xi and 
{an} that satisfy condition (A), then T has a fixed point in C and M{xi,an,T) 
converges to a fixed point of T. 
Following corollaries are immediate from Theorem 2.3.2. 
Corollary 2.3.1. Let C be a closed subset of a Banach space X and let T be a 
nonexpansive mapping from C into a compact subset oi X. If there exists a G (0,1) 
such that {1 — a)x + aTx G C for all x E C, then T has a fixed point in C and for 
any xi G C, M{xi,a, T) converges to a fixed point of T. 
Corollary 2.3.2. Let C be a closed convex subset of a Banach space X and let T 
be a nonexpansive mapping from C into a compact subset of X. Then T has a fixed 
point in C and M(xi, 2~\ T) converges to a fixed point of T for any X\ G C. 
Here, it may be pointed out that the first part of Corollary 2.3.2 is a special case of 
a fixed point theorem of Schauder [143]. Corollary 2.3.2 was proved for uniformly 
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convex spaces by Krasnoselskii [85] whereas for strictly convex spaces by Edelstein 
[47]. 
Next, Ishikawa [77] proved the iterative process for a nonexpansive mapping 
without the assumption on the compactness of T. 
Definition 2.3.2[146]. Let C be a subset of a Banach space X. A mapping 
T : C ^ X with a nonempty fixed points set F(r ) in C will be said to satisfy 
Condition B if there is a nondecreasing function / : [0, oo) -> [0, oo) with /(O) = 0, 
f{t) > 0 for i € (0,oo), such that \\x - Tx\\ > f{d{x,F{T))) for all x G C, where 
d{x, F{T)) = m({\\x -z\\:ze F{T)}. 
Theorem 2.3.3. Let C be a closed subset of a Banach space X and let T : C -> X 
be nonexpansive mapping with a nonempty fixed points set F{T) in C. If T satisfies 
Condition B and there exist Xi and {ctn} that satisfy condition A, then M(xi, a„, T) 
converges to a member of F{T). 
Corollary 2.3.3. Let C be a closed convex subset of a Banach space X and let 
T : C —)• C be a nonexpansive mapping with a nonempty fixed points set F{T). If 
T satisfies Condition B, then, for any Xi € C and any {a„} satisfying (a) and (6) of 
Definition 2.3.1, M{xi,an,T) converges to a member of F{T). 
Reich [133] discussed the iteration procedure introduced by Mann [111] in a uni-
formly convex Banach spaces whose norm is Frechet difi^ erentiable. 
Theorem 2.3.4. Let C be a closed convex subset of a uniformly convex Banach 
space X with a Frechet differentiable norm. If T : C —)• C is a nonexpansive map-
ping with a fixed point, then {T"a;} is weakly almost convergent to a fixed point of T. 
Theorem 2.3.5. Let X be a uniformly convex Banach space X with a Frechet 
differentiable norm, let C be a closed convex subset of X and T" : C -4 C is a 
nonexpansive mapping with a fixed point. Let Xi e C and define a sequence {x„} 
in C by 
where {an} is a sequence in [0,1] such that 
Y^an{l-an) = 00. 
n=l 
Then {xn} converges weakly to a fixed point of T. 
In 1974, Ishikawa [76] introduced a new iteration process as follows 
Xn+i = QnTiPnTxn + {I - f5n)xn) + (1 " a„)a;„, (2.3.2) 
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n = 1,2,3..., where {a„} and {/?„} are sequences in [0,1] satisfying the following 
conditions 
(a) 0 < a„ < /?n < 1 for all positive integer n, 
(b) lim/?„ = 0, 
n—>oo 
oo 
(c) J2 CinPn = OO. 
n = l 
Note that Ishikawa [76] iteration reduces to Mann iteration if one set Pn = 0 for all n. 
Tan and Xu [159] proved the following interesting result which generalizes the 
result of Reich [133], i.e., Theorem 2.3.5 using the iterative scheme introduced by 
Ishikawa [76]. 
Theorem 2,3.6. Let C be a closed convex subset of a uniformly convex Banach 
space X which satisfies Opial's condition or whose norm is Prechet differentiable 
and let T : C —> C be a nonexpansive mapping with a fixed point. Then for any 
xi G C, the iterates {x„} defined by (2.3.2) converge weakly to a fixed point of the 
involved mapping T provided {a„} and {/?„} are chosen so that 
oo oo 
E a„(l - an) = oo, y^/?„(l - a„) < (X) and lim sup/3„ < 1. ^—^ n—>oo 
n = l 71=1 
The following theorem due to Deng [39] extends Theorem 2.3.5 of Reich [133] to 
uniformly convex Banach spaces. 
Theorem 2.3.7. Let X be a uniformly convex Banach space with a Frechet dif-
ferentiable norm. If T is a nonexpansive self mapping of a closed convex subset of 
a Banach space X with a fixed point, then the sequence {a;„} described by (2.3.2) 
converges to a fixed point of T. 
Zeng [170] proved a result which is a complement of Theorem 2.3.6 and general-
izes Theorem 2.3.5 to certain extent. 
Theorem 2.3.8. Let X be a uniformly convex Banach space that satisfies the 
Opial's condition or whose norm is Frechet differentiable. Let C be a bounded 
closed convex subset of X and T : C -> C be a nonexpansive mapping. Then 
for any Xi e C the iterates {x„} described by (2.3.2) converges weakly to a fixed 
point of T provided that lim sup/?„ < 1 and for any subsequence {n^} of {n}, 
n->oo 
oo 
X ] a „ , ( l - a n J diverges. 
k=Q 
Remark 2.3.1. Note that Theorem 2.3.8 reduces to Theorem 2.3.5 if we set /?„ = 0 
for all n. 
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Zeng [170] also gave a strong convergence theorems utilizing Ishikawa iteration 
scheme (2.3.2). 
Theorem 2.3,9. Suppose that X is a uniformly convex Banach space and T, C, 
and {xn} are as in Theorem 2.3.8. Moreover if T{C) is contained in a compact 
subset of X, then the Ishikawa iterates {xn} described by (2.3.2) converges strongly 
to a fixed point of T. 
Theorem 2.3.10. Let X be a uniformly convex Banach space and let T and C 
be as in Theorem 2.3.8. If T satisfies Condition B, then for any xi £ C, the 
Ishikawa iteration process {xn} described by (2.3.2) provided that hm sup/3„ < 1 
n—>oo 
and Yli <^ n(l ~ <^ n) diverges, converges strongly to a fixed point of T. 
n=0 
Takahashi and Kim [158] also proved the following theorem. 
Theorem 2.3.11. Let X be a uniformly convex Banach space which satisfies Opial's 
condition or whose norm is Prechet differentiable, let C be a nonempty closed convex 
subset of X and T : C -^ C be a nonexpansive mapping with a fixed point. The 
sequence {xn} of Ishikawa iterates described by (2.3.2) converges weakly to a fixed 
point of T. 
Where the involved constants [an] and {^n] in [xn] satisfy a„ G [a, 6] and 
(5n £ [0, h] or (Xn G [a, 1] and ^„ G [a, h\ for some a, b with 0 < a < 6 < 1. 
Then motivated by Theorem 2.3.6 and Theorem 2.3.11, Suzuki and Takahashi 
[156] obtained the following theorem. 
Theorem 2.3.12. Let C be a closed convex subset of a uniformly convex Banach 
space X which satisfies Opial's condition or whose norm is Prechet differentiable. 
Let r be a nonexpansive mapping on C with a fixed point. The sequence of Ishikawa 
iterates {xn} described by (2.3.2) converges weakly to a fixed point of T where the 
sequences {a„} and {/?„} in the context of {xn} satisfy 
oo 
E Qrii^ - Oin) = 00 and lim sup/?n < 1 
or 
E a-n^n = 00 and lim sup^n < 1-
n=l 
Comparision of Theorem 2.3.12 with Theorem 2.3.6 indicates that the assumption 
oo 
Y^ Ai(l - a„) < cx) in Theorem 2.3.6 is superfluous. 
7 1 = 1 
The following strong convergence theorem due to Shioji et al. [152] is connected 
with Tan and Xu [159] and Takahashi and Kim [158]. 
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Theorem 2.3.13. Let C be a nonempty closed convex subset of a strictly convex 
Banach space X and T : C -> C be a nonexpansive mapping such that T{C) is 
contained in a compact subset of C. Then the sequence {xn} defined by (2.3.2) 
converges strongly to a fixed point of T where {a„} and {/3„} are chosen so that 
oo 
E OLJI - dn) = oo and lim sup^„ < 1, 
n=l 
or 
00 
E /?n(l -/?„) = OO and lim inf Q;„ > 0. Tl—S-OO 
n=l 
In 1996, Deng [39] generahzed Theorem 2.3.2 using Ishikawa iteration process 
and established weak and strong convergence results for nonexpansive mappings in 
Banach spaces. 
Theorem 2.3.14. Let C be a nonempty subset of a normed linear space X and 
T : C ^ X be a nonexpansive mapping. Let [xn] be a sequence of Ishikawa iterates 
defined by (2.3.2) in C, {otn} and {/5„} be sequences of real numbers such that 
oo 
(a) 0 < an < a < 1 and ]^ «„ = oo, 
7 ^ = l 
oo 
(6) 0 < /3„ < 1 and E /^ n < oo, 
(c) {x,i} is bounded. 
Then lim \\xn — Txn\\ = 0. 
n—>oo 
Theorem 2.3.15. Let X be a Banach space which satisfies Opial's condition. Let 
C be a weakly compact and T : C —>• X be a nonexpansive mapping. Let {a;„} 
be a sequence of Ishikawa iterates defined by (2.3.2) in C whereas {»„} and {/?„} 
be sequences of real numbers such that (a) and (b) of above theorem are satisfied. 
Then {x„} converges to a fixed point of T. 
The two following theorems generalize Theorem 2.3.2 and Theorem 2.3.3 due to 
Ishikawa [77] respectively. 
Theorem 2.3.16. Let C be a closed subset of a Banach space X and let T be a 
nonexpansive mapping from C into a compact subset of X. Let [xn] be a sequence 
of Ishikawa iterates defined by (2.3.2) in C whereas {a^} and {/?„} be sequences 
of real numbers such that (a) and (b) of Theorem 2.3.14 are satisfied, then {a;„} 
converges to a fixed point of T. 
Theorem 2.3.17. Let X, C and {x„} be same as in Theorem 2.3.16. Let T : C -> 
A' be a nonexpansive mapping whose set of fixed points F[T) is nonempty in C. If 
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T satisfies Condition B, then {xn} converges to a fixed point of T. 
Kang et al. [82] in their result replaced condition (6) of Theorem 2.3.13 by 
oo 
y^ anPn < OO and Pn^O asn-4ooor/3„ = 6 V n > l and /? € [0,1) 
n = l 
and proved that Theorem 2.3.17 still remains true. 
Theorem 2.3.18[82]. Let C be a nonempty subset of a normed linear space X and 
T : C -> X be a nonexpansive mapping. Let {x„} be a sequence in C of Ishikawa 
Iterates defined by (2.3.2), {«„} and {^„} are sequences of real numbers such that 
00 
(a) 0 < a„ < a < 1 and ^ a^ = oo, 
n = l 
oo 
(b) (i) 0 < /3„ < 1 and Um /?„ = 0 and ^ anPn < oo or 
"-+°° n=i 
(ii) pn = b for all n > 1 and b G [0,1). 
If {xn} is bounded, then 
lim \\xn - TxnW = 0. 
n->oo 
In order to prove Theorem 2.3.18 following lemmas and definition are required. 
Lemma 2.3.1 [82]. Let {an}, {Pn} and {(5„} be three sequences of nonnegative real 
numbers satisfying the inequality 
Oin+l < ( 1 + 5n)an + Pn-
oo oo 
If ^ 5n < OO and ^ Pn < oo, then lim a„ exists. In particular, if the sequence 
n=l n=l "-*°° 
{a„} has a subsequence converging to zero, then lim an = 0. 
n—>oo 
Leraima 2.3.2[82]. Let X be a normed hnear space and C be a nonempty subset 
of X. Let r : C —> X be a nonexpansive mapping. Let {xn} be a sequence in C 
satisfying (2.3.2). Then we have 
||.T„+i - T.Tn+i | | < (1 + 2anPn)\\Xn " TXn\\, V n > 1. 
Definition 2.3.3. A metric space {X, d) is said to be of hyperbolic type \iX contains 
a family L of metric segments such that 
(a) each two points x,y E X are endpoints of exactly one member segment of L, 
(b) if p, x, y E X and m E seg[a;,y] satisfies d{x,m) = ad{x,y) for a E [0,1], 
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then 
d{p, m)x (1 - a)d{p, x) + ad{p, y). 
Lemma 2.3.3[82]. Let (^d) be of hyperbolic type and {Q:„} be a sequence in 
[0,1). If {xn} and {y„} begequences in X such that, for all n > 1, 
(a) Xn+i e seg[xj-^ y^ ] with d{xn,Xn+i) = and{xn,yn), 
{b) d{yn+uy;^)<d{Xn+uXn), 
(c) rf(2/i+^^:ci)<M<ooVi,n>l, 
(^ ) ": < a < 1, 
S L "n = OO, 
T l = l 
<nen lim d{yn,Xn) = 0. 
, n->oo 
Proof of Theorem. 
00 
First assume that Yl ctnPn < co and /J^  ^ 0 as n —>• oo. By Lemmas 2.3.1 and 
n=l 
2.3.2, we see that |lx„ — Txn\\ exists, say d. Setting Un = Txn — x^, then one have 
||a„|| -> d as n —> CO. Without loss of generality, one may assume that a„ > 0 for 
all n > 1. Otherwise, consider a subsequence {aj} of {an}- Setting 
K = a~\Txn+i - Txn) + Txn - Tyn, 
we have an+i = (1 - Cin)an + Onbu- Following the proof of Deng [39], one can get 
the following conclusions: 
(a) lim sup ||6„|| < d, 
n—>oo 
n n 
(^ ) II ^ i^^ ill ^ l|2;n+i - 2;i|| + ^ aiPi\\Txi - Xi\\ is bounded. 
1=1 i=l 
Thus the conclusion of Theorem 2.3.18 follows from Deng [39] 
Next, assume that Pn = P for all n > 1 and /5 e [0,1). In order to complete the 
proof of this theorem, one need to verify the conditions (a) to (e) of Lemma 2.3.3. 
The condition (a) is obvious and the conditions (d) and (e) are natural. 
The proofs of conditions (b) and (c) runs as follows: 
Setting Zn = {I — P)xn + PTxn and y^  = Tzn, then we have 
d{yn+l,yn) = \\TZn+l - TZn\\ 
S lkn+1 "" ^n\\ 
= 11(1 - P)Xnn + PTXn+l - (1 - P)Xn - pTxJ 
< (1 - ^)| |Xn+i - Xn\\ + P\\Xn+i - Xn\\ 
44 
which verifies the condition (b). 
The following 
< i5\xi^n - T'^i\n\ + ll^ Xi+n - a:i|| < M < cx), 
which verifies the condition (c). 
By Lemma 2.3.3, one assert that hm ||rz^ — Xn\ = 0. Observe that 
n—>oo 
\\TXn - Xn\\ < \\TXn ' TZn\\ + \\TZn " Xn|| 
< IIT- _ 2 II -I- l l T z — T II 
_ W-^n ''•nil I II-' ' ' n -"^nll 
— PIJXjj 1 Xxi\\ + ||-i Zfi S^nll) 
which imphes that lim ||x„ — Txn\\ — 0. This completes the proof. 
n—>oo 
As an immediate consequence of Theorem 2.3.18, we have the following: 
Corollary 2.3.4. Let T be a nonexpansive self mapping of a nonempty compact 
convex subset C of a real normed space X. If {x„} be a sequence in C as defined 
in Theorem 2.3.18, then {x„} converges strongly to a fixed point of T. 
Corollary 2.3.5. Let T be a nonexpansive self mapping of a nonempty closed con-
vex subset C of a real Banach space X with the nonempty fixed point set F{T). Let 
the sequence {x^} in C be as in Theorem 2.3.18. If T satisfies Condition B, then 
[xn] converges strongly to a fixed point of T. 
Theorem 2.3.19. Let C be weakly compact subset of a Banach space X which 
satisfies Opial's condition and T : C -4 X be a nonexpansive mapping. Let [xn] be 
a sequence of Ishikawa iterates defined by (2.3.2) in C, {an} and {I5n} are sequences 
of real numbers such that 
oo 
(a) 0 < an ^ Q; < 1 and ^ a„ = oo, 
n=\ 
(6) (i) 0 < Ai < 1 and hm /?„ = 0 and Yl, ^^nPn < oo or 
n=l 
(n) Pn = P for all n > 1 and P G [0,1). 
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Then {xn} converges weakly to a fixed point of T. 
§ 2.4. Structure of the set of fixed points 
The fixed points set F{T) of a nonexpansive mapping T in general is neither 
convex nor connected nor weakly closed (see, Gruber [69] and Sine [147]). Goebel 
and Kirk [63] proved that for X is strictly convex, F{T) is (closed and) convex. 
Theorem 2.4.1. The set F{T) of fixed points of a nonexpansive self mapping de-
fined on a closed and convex subset of a strictly convex Banach space is closed and 
bounded. 
Proof. 
The set of fixed points F{T) is closed because T is continuous. Suppose x = Tx 
and y = Ty. Let A G (0,1) and set z = {l- X)x + Ay. Then 
||x - Tz\\ + \\Tz - y\\ - lira; - Tz\\ + \\Tz - Ty\\ 
<\\x-z\\ + \\z-y\\ 
= h-y\\ 
<\\x-Tz\\ + \\Tz-y\\. 
It follows that x,Tz and y are coUinear while ||a; — z\\ = \\x — Tz\\ and ||y - 2|| = 
||y - T^y. Since X is strictly convex, z = Tz. 
The above fact does not hold in general Banach spaces. 
Example 2.4.1. Assign 3?^  with the norm ||(a;,y)||oo = max{|a;|, |y|} and define 
T:U^-^n^hyT{x,y) = {x,\x\). 
Clearly, T is nonexpansive relative to ||.||oo and F{T) is the graph {{x,y) : y = 
|x|}, which is not convex. In fact, if / : $R -> 3fi is any function satisfying 
\m-m\<\t-s\, 
then the graph of / is the fixed point set of the nonexpansive mapping on (3?^ , ||. ||oo) 
defined by T(x, y) = (x, f{x)). 
Following example shows that the set F{T) may even be disconnected. 
Example 2.4.2. Consider the unit ball in the space CQ. Define the nonexpansive 
mapping T : CQ -)• CQ by Ta; = r(a;i,a;2,....) = {xi, 1 - |xi|,X2,X3,...). 
Since lim 2;„ = 0, if a; = Tx then a;2 = X3 = ... = 0. Thus |xi| = 1 and F(T) 
n - > o o ' '•' ^ J 
consists of the two points e^ and - e \ 
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Definition 2.4.1. A metric space {X,d) is said to be metrically convex if for any 
two points x,y e X with x ^ y there exists zeX,Xy^z^y such that 
d{x,z) + d{z,y) = d{x,y). 
In nonstrictly convex setting F{T) need not be convex. However, for a wide 
class of Banach spaces, the fixed point sets of nonexpansive mappings are metrically 
convex (hence, in particular always connected). 
Definition 2.4.2. A Banach space X is said to have the f.p.p. for spheres if each 
nonempty closed and convex subset of the unit sphere has the f.p.p. for nonexpan-
sive mappings. 
Theorem 2.4.2. Suppose C is a nonempty closed convex subset of a Banach space 
having f.p.p. for spheres and suppose that T : C -> C is nonexpansive. Then F{T) 
is metrically convex. 
Khamsi [84, 1989] proved that a space X is strictly convex if and only if for 
any nonexpansive mapping T on any convex set, F{T) is convex. For another char-
acterization of strict convexity in terms of nonexpansive mappings, see Miiller and 
Reinermann [115, 1979], wherein it was proved that convexity of a set is implied by 
the vahdity of a property slightly stronger than f.p.p. of the involved nonexpansive 
mapping. 
In Lin and Sternfeld [107, 1985], a characterization of compactness for convex 
sets in terms of f.p.p. for Lipschitz mappings was given. A similar result concerning 
starshapedness and finite dimensional spaces was indicated in Miiller and Reiner-
mann [115]. 
The existing literature concerning fixed point theory for nonexpansive mappings 
is so wide, that it is almost impossible to attempt a complete survey. Even we 
find hard to choose the most relevant results and condense them in few pages. The 
present literature also contains results in spaces with richer structure for Banach 
lattices which are available in Nelson, Singh and Whitfield [118, 1987] and Aksoy 
and Khamsi [1, 1990]. 
For results concerning fixed points for isometries see Lau [100, 1980]. Also results 
for other classes of sets were considered: balls (see, Nadler [117, 1981] for Euchdean 
spaces), etc. Some topological results concerning fixed points and polyhedra (in 
finite dimensional spaces) were indicated by Thomeier [162]. Here it may be pointed 
that we have not made any attempt to peep into purely topological fixed point 
theorems but our aim here is to have a bird eye view of the available metric fixed 
point theory for nonexpansive mappings. 
* * * * * 
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CHAPTER 3 
MULTI-VALUED NONEXPANSIVE 
MAPPINGS 
§ 3.1. Introduction 
The results concerning the existence of fixed points for contractions and non-
expansive mappings can be at least partially extended to the case of multi-valued 
mappings. In this chapter, the emphasis is principally on nonexpansive mappings. 
Recall (Def. 1.5.1) that by a multi-valued mapping we mean a mapping of the form 
T : X -> 2^; thus T assigns to each x e X a nonempty subset of X. For multi-
valued mappings the notion of fixed point is modified, x G X is said to be a fixed 
point of T if and only if x is contained in its image set, i.e., x € Tx. More generally 
we state the f.p.p. for multi-valued mapping as follows: 
Definition 3.1.1. A set X is said to have the f.p.p. for a family of multi-valued 
mappings if each member of the family has a fixed point. 
Nadler [116] introduced the notion of multi-valued Lipschitz mappings can be 
defined as follows: 
Definition 3.1.2. Let {X,dx) and iY,dY) be two metric spaces and T : X -¥ 
CB{Y) be a multi-valued mapping. The mapping T is said to be a multi-valued 
Lipschitz mapping if for all x,y ^ X there exists a constant k such that 
dY{Tx,Ty)<kdx{x,y). 
As before, T is called multi-valued contraction if k < 1 and T is said to be nonex-
pansive if A; = 1. 
The study of fixed point theorems for multi-valued mappings was initiated by 
Kakutani [81] in 1941, wherein he proved that every upper semicontinuous multi-
valued mappings defined on a compact convex set C in W^ and taking values in 
KK{C) has a fixed point. Since then various well known results on fixed point 
were extended to multi-valued mappings which generally associate each point of the 
metric space (X, d) to a closed subset of X. Kakutani's work [81] was extended 
to infinite dimensional Banach spaces by Bohnenblust and Karhn [10] in 1950 and 
to locally convex topological vector space by Ky Fan [51] in 1952 and till today 
the fixed point theory in functional analysis for multi-valued mappings has been 
extensively developed. The geometric fixed point theory for multi-valued mappings 
was initiated and studied by Nadler [116] and subsequently pursued by Markin [112], 
Assad and Kirk [3], Browder [25, 27], Lami-Dozo [99] and many others. 
Fixed point theorems for multi-valued mappings are useful in control theory and 
have been effectively used in tackling problems in economics and game theory. 
§ 3.2. Fixed point theorems 
In [112], Markin proved the following fixed point theorem for multi-valued map-
pings, which is an extension of a theorem of Browder [17, 1965]. 
Theorem 3.2.1. Let B be a closed unit ball in a Hilbert space X and T : X -)• 
C{X) be a nonexpansive mapping. Then T has a fixed point in B provided T{x) C B 
for every x G S. 
Subsequently, Lami-Dozo [99] considered the following interesting case where the 
Banach space is assumed to satisfy the Opial's condition. This result generalizes re-
sults those of Markin [112] and Browder [17]. 
Theorem 3.2.2. Let C be a nonempty weakly compact convex subset of a Banach 
space X which satisfies Opial's condition, then every nonexpansive multi-valued 
mapping T : C -^ cpt(C) defined on C whose values are nonempty compact subsets 
of C possesses a fixed point. 
Proof. 
Let XQ e C he a. fixed element. Assume that {/c„} be a sequence in (0,1) which 
converges to 1. Define 
TnX = KTx + {I - kn)xQ. (3.2.1) 
Then Tn : C ^ cpt(X) and each T^ is a contraction. By Nadler Contraction 
Principle (Theorem 1.5.8), there exists an x^ G C such that Xn € T^Xn- Since 
C is weakly compact, there exists a subsequence of {xn}, again denoted by {xn}, 
converging weakly to x G C Prom (3.2.1), we deduce 
Xn = knZn + (1 - K)X(l, whcre 2„ G TXn. 
So, \\Xn - Zn\\ = (1 - kn)\\Xo - Zn\\. 
Hence, Vn = Xn - Zn £ {I - T)xn and yn -> 0 as n -> oo. 
Which implies that (x„, j/„) G G{I - T), where G{I- T) denotes the graph of / - T, 
with Xn^x and y„ -)• 0. Since / - T is demiclosed 0 G (/ - T)x, i.e., x G Tx. 
Remark 3.2.1. If Banach space X is restricted to be a Hilbert space one can obtain 
Theorem 3.2.1 and if Banach space is considered with a weakly continuous duality 
mapping one can obtain a result due to Browder [17] because these spaces satisfy 
Opial's condition ( Def. 1.2.18). 
Assad and Kirk [3] obtained an improved version of Lami-Dozo [99] generaliza-
tion of Theorem 3.2.1. Before stating the result due to Assad and Kirk [3] we state 
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the following result which will be used in proof of the next theorem. 
Theorem 3.2.3[3]. Let C be a closed convex subset of a Banach space X and K 
a closed subset of C. If T be a contraction mapping from K into the family of all 
nonempty closed bounded subsets of C such that T(x) C K whenever x G 5cK, 
then T has a fixed point in K. 
Note. 6cK denotes the boundary of K relative to C. In particular, if K is closed 
6cK = {z ^ K : B{z,r)nC/K ^$ for each r > 0}, 
where B{z,r) = {x £ X : \\z - x\\ < r}. 
Theorein 3.2.4[3]. Let C be a closed convex subset of a Banach space X which 
satisfies Opial's condition and K a nonempty weakly compact convex subset of C. 
Let T : K -^ cpt(C) be a nonexpansive multi-valued mapping on K into the non-
empty compact subsets of C and suppose Tx C K whenever x G ScK. Then T has 
a fixed point in K. 
Proof. 
Without loss of generality, it can be assumed that 0 G K. Let {kn} be a sequence 
of real numbers in (0,1) such that fc„ —)• 1 as n —> oo. For each n, fc„T is a 
multi-valued contraction mapping form K to the nonempty compact subsets of C. 
Furthermore, if a; G 6cK then knTx C K because 0 & K and K is convex. By 
Theorem 3.2.3, it follows that for each n, knT has a fixed point in K; say x„ G 
knTxn r\ K,n = 1,2, Hence Xn/kn G Txn and thus 2:^ (1 — 1/kn) ^ Xn — Txn — 
(/ — T)xn- Since K is weakly compact and {x„} C K, it follows that {x„} has a 
weakly convergent subsequence, again represented by {xn\ which converges, say to 
XQ. Furthermore, since {xn} is bounded, 
Wn = Xn{l - l/kn) -> 0 (strougly). 
Following the argument of Lami-Dozo [99], 0 G (/ - T)xo. 
Since Wn ^ {I — T)xn, one may write Wn = Xn — Un where u^ G Txn-
Thus 
H{TXn,TXo)<\\Xn-Xol 
and Un G Txn implies there exists u^ G TXQ such that 
\\Un-U;i\\<H{TXn,Txo). 
Thus 
IJWn-i^ll < ||xn-a;ol|-
It follows that 
lim inf ||a;„ - Xo\\ > lim inf \\un - u^\\ 
n.->oo 
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lim inf \\xn — Wn — u.^ 
n—>cxD 
Now, since {ti„} is contained in the compact set TXQ, one can suppose subsequences 
again have been chosen so that {u^} converges strongly, say to UQ G TXQ- Therefore, 
hm inf \\xn - Wn - u^\\ = hm inf \\xn -Wn-u^ + UQ- UQ\\ 
n—>co n—>cx) 
> lim inf[||a;„ - uo|| - ||u;n|| - \\u^ - «o||] 
n—>oo 
> lim inf ||x„ - Woll + lim inf(-||w„||) 
n—>oo n—>oo 
+ lim inf(-||u;;;-Uo||) 
n—>oo 
— lim inf ||xn — WoU-
Thus 
lim inf \\xn — Xo\\ > lim inf ||a;„ — Uo| 
n->oo n—>OQ 
Since Xn —)• XQ weakly, therefore by Opial's condition, XQ = UQ. Hence the theorem 
is proved. 
Itoh and Takahashi [78] gave the following common fixed point theorem for single-
valued nonexpansive mapping and multi-valued nonexpansive mapping in Banach 
spaces that satisfy Opial's condition. Their result also extends Theorem 3.2.2. 
Theorem 3.2.5. Let / be an asymptotically regular nonexpansive mapping of C 
into C, where C is a nonempty weakly compact convex subset of a Banach space X 
which satisfies Opial's condition and T be a multi-valued nonexpansive mapping of 
C into 2^ such that for any x E C, T{x) is nonempty compact. Then there exits 
an element z ^ C such that f{z) = z E T{z) provided / and T commute. 
Itoh and Takahashi [78] also gave some fixed point theorems for multi-valued 
mappings defined on a starshaped subsets of a Banach space which are as follows: 
Theorem 3.2.6. Let C be a weakly compact starshaped subset of a Banach space 
X which satisfies Opial's condition. Let T be a nonexpansive mapping of C into 2^, 
where for any x e C, T{x) is nonempty compact and for each x G SC, T{x) C C. 
Then T has a fixed point in C. 
For single-valued mappings the following corollary can be obtained. 
Corollary 3.2.1. Let C be a weakly compact starshaped subset of a Banach space 
X which satisfies Opial's condition. Let T be a nonexpansive mapping of C into X 
such that T{SC) C C, then there exists a fixed point of T in C. 
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If C is compact, then the following theorem holds in any Banach space. 
Theorem 3.2.7[78]. Let C be a compact starshaped subset of a Banach space X 
and r be a nonexpansive mapping of C into 2^, where for each x e C, T{x) is 
nonempty compact and for any x G SC, T{x) C C. Then T has a fixed point in C 
As Corollary 3.2.1, one can again obtain a corollary to Theorem 3.2.7 for single-
valued mappings. 
Corollary 3.2.2. Let C be a compact starshaped subset of a Banach space X and 
T be a nonexpansive mapping of C into X such that T{5C) C C, then there exists 
a fixed point of T in C. 
Yanagi [169] gave extension of Theorem 3.2.2 and Theorem 3.2.4 by using the 
concept of inward sets. 
Definition 3.2.1. Let C be a nonempty subset of a Banach space X. For z € C, 
inward set of x relative to C, denoted by Ic{x), is defined as follows: 
Ic{x) ^{x + a{y-x):yeC,a> 1}. 
A mapping T : C ^ CB{X) is said to be inward if Tx C Ic{x) V x G C and weakly 
inward if Tx ^ Ic{x) V a; G C. 
Theorem 3.2.8[169]. Let C be a nonempty weakly compact convex subset of a 
Banach space X and let T : C ->• cpt(X) be nonexpansive and weakly inward map-
ping. If / - T is demiclosed or semiconvex on C, then T has a fixed point. 
Corollary 3.2.3. Let C be a nonempty weakly compact convex subset of a Banach 
space X which satisfies Opial's condition (or weak Opial's condition). If T : C -> 
cpt(X) is nonexpansive (or generalized contraction) and weakly inward, then T has 
a fixed point. 
Proof. 
Since X satisfies Opial's condition and T is nonexpansive, it implies that I -T 
is demiclosed. Hence the result follows from Theorem 3.2.8. 
If C is compact in the Theorem 3.2.8, one can obtain the following. 
Corollary 3.2.4. Let C be a nonempty compact convex subset of a Banach space 
X and let r : C -> cpt(A') is nonexpansive such that T{x) C Ic{x) for each x G C. 
Then T has a fixed point. 
Furthermore, Yanagi [169] obtained fixed point theorem for nonexpansive map-
pings with nonconvex domains. 
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Theorem 3.2.9. Let C be a nonempty weakly compact starshaped subset of a 
uniformly convex Banach space X and let T : C ->• cpt(X) be nonexpansive. If 
for each x e 6C, T{x) C C and ax + (1 - a)T{x) C C for some a G (0,1) or 
T{x) C int(C), then T has a fixed point. 
On the hues of Lami-Dozo [99], Massa et al. [114] proved some results in non-
convex setting in which T satisfies the following condition. 
for all x e C , ( x , j / ] n C 7 ^ 0 V y € T a ; , (3.2.2) 
where (x, y\ = {(1 - a)x + ay, 0 < a < 1}. 
Theorem 3.2,10. Let C a nonempty closed starshaped subset of a Banach space 
X. Let JT : C ^ 2^ be a nonexpansive mapping such that the condition (3.2.2) 
holds. Further, assume that T{C) is bounded and (/ - T)C is closed, then T has a 
fixed point. 
Theorem 3.2.11. Let C a weakly closed starshaped subset of a Banach space X 
satisfying Opial's condition. Let T : C -)• 2^ be a nonexpansive mapping satisfying 
the condition (3.2.2) and let T{C) C K for some weakly compact subset K of X. 
Then T has a fixed point. 
In a parallel development to Assad and Kirk [3], several other important results 
were given, out of which following are worthy of attention. 
Ko [96] proved the following important theorem for multi-valued nonexpansive 
mapping defined on a semiconvex subset of a Banach space. 
Theorem 3.2.12[96]. Let C be a nonempty weakly compact convex subset of a 
Banach space X. If T : C —)• C{X) is nonexpansive. Then T has a fixed point in C 
provided I — T is semiconvex on C. 
Proof of the Theorem 3.2.12 highly rehes upon the following theorem and lemma. 
Theorem 3.2.13[96]. Let C be a nonempty closed weakly compact and convex 
subset of a Banach space X. liT : C -^ 2^ is upper semicontinuous and 
inf {d(x, Tx):xeC}^0 
and / - T is a semiconvex mapping on C, then T has a fixed point in C. 
Lemma 3.2.1. Let C be a nonempty closed bounded and convex subset of a Ba-
nach space X. If T : C -> CB{X) is nonexpansive, then ird{d{x, Tx) : x G C} = 0. 
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Proof. 
The mapping T is nonexpansive, so it is upper semicontinuous. Theorem 3.2.12 
follows Theorem 3.2.13 provided that the condition "'mi{d{x,Tx) : a; G C} = 0" is 
satisfied. This condition follows from the Lemma 3.2.1. 
The fixed point theory of multi-valued nonexpansive mappings is however much 
more complicated and difficult than the corresponding theory of single-valued non-
expansive mappings. One breakthrough was achieved by Lim [104] in 1974, wherein 
he proved a fixed point theorem by using Edelstein's method of asymptotic center 
[48]. Before stating the theorem we give the notion of asymptotic radius and as-
ymptotic center. 
Definition 3.2.2. Let C be a weakly compact convex subset of a Banach space X 
and {xn} a bounded sequence in X. Let T be a mapping define on X by 
T{x) = lim sup ||x„ - x||, V x € X 
n->oo 
Let 
r = rc{{xn}) = inf{T(a;) : x e C} 
and 
A = Ac{{xn}) = {xeC:T{x)=r}. 
The numbers r and A, respectively, called the asymptotic radius and asymptotic cen-
ter of {xn} relative to C. As C is weakly compact convex, Aci{xn}) is nonempty 
weakly compact and convex. 
Theorem 3.2.14[104]. Let C be a nonempty closed bounded and convex subset 
of a uniformly convex Banach space X. Let T : C ^ cpt(C) be a nonexpansive 
mapping, then T has a fixed point. 
Remark 3.2.2. Theorem 3.2.14 remains true if X is required only to be reflexive 
and uniformly convex in every direction [see 36, 54]. Since in such a space the as-
ymptotic center of a bounded sequence in a closed convex set is unique [103]. 
The original proof of Theorem 3.2.14 was later simplified independently by Lim 
himself [105] and Goebel [60]. Downing and Kirk [45] in 1977, obtained an inward 
version of Theorem 3.2.14 as follows: 
Theorem 3.2.15. Let C a nonempty closed bounded and convex subset of a uni-
formly convex Banach space X and T a nonexpansive multi-valued mapping de-
fined on C and taking values in the family of nonempty compact subsets of X. If 
Tx C Ic{x) for all x G C, then T has a fixed in C. 
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Reich [132] proved the following result from which the improved version of Lim's 
result can be derived as a corollary. 
Theorem 3.2.16. Let C be a closed convex subset of a Banach space X and let T 
be a contraction mapping which assigns to each x in C a nonempty compact subset 
of X. If T is weakly inward, then T has a fixed point. 
This result yields the following improvement of Lira [104]. 
Corollary 3.2.5. Let C be a weakly compact convex subset of a Banach space X 
which is uniformly convex in every direction. Let T be a mapping which assign to 
each a; € C a nonempty compact subset of X. If T is nonexpansive inward mapping, 
then T has a fixed point. 
Kirk and Massa [94] in 1990, also gave an extension of Theorem 3.2.14 prov-
ing the existence of a fixed point in a Banach space for which the asymptotic center 
of a bounded sequence in a closed bounded convex subset is nonempty and compact. 
Theorem 3.2.17. Let C be a nonempty closed bounded and convex subset of a 
Banach space X and T : C -^ C{C) a nonexpansive mapping. Suppose that the 
asymptotic center in C of each bounded sequence of X is nonempty and compact. 
Then T has a fixed point. 
Theorem 3.2.17 apphes to all A;-uniformly rotund Banach spaces [154]. However 
it does not apply to a nearly uniformly convex Banach space [73] as in such a space 
the asymptotic center of a bounded sequence is not necessarily compact. Also note 
that Theorem 3.2.17 requires that T take convex values. 
Question 3.2.1. Does the conclusion of Theorem 3.2.17 remains valid if T only 
takes compact values? 
The answer is affirmative if the space X is uniformly convex [104] or X satisfies 
Opial's property. But in general, the question is still unanswered. 
Definition 3.2.3. Let C be a weakly compact convex subset of a Banach space 
X and {xn} a bounded sequence in X. Then {xn} is called regular w.r.t. C if 
?^ c({a^ n}) = Tc{{3^ni}) for all subsequences [xm] of {x^}; while {x„} is called as-
ymptotically uniform if Ac{{xn}) = AcHxm}) for all subsequences {x^J of {x^}. 
The method of asymptotic centers plays an important role in the fixed point 
theory for single- and multi-valued nonexpansive mappings. One can see this fact 
by following fundamental lemma. 
Lemma 3.2.2[60, 105]. Let C be a weakly compact convex subset of a Banach 
space X and {x„} a bounded sequence in X. Then we have 
(i) there always exists a subsequence of {xn} which is regular w.r.t. C, 
(u) if C is separable, then {x„} contains a subsequence which is asymptotically 
uniform w.r.t. C. 
Remark 3.2.3[168]. If X is uniformly convex in every direction (especially uni-
formly convex), then Ac{{xn}) consists of exactly one point so every regular se-
quence in such a space is always asymptotically uniform w.r.t. C. 
Let now C be a weakly compact convex subset of a Banach space X and T : C -^ 
cpt(C) a nonexpansive mapping. For each integer n > 1, the contraction T^  : C —>• 
cpt(C) defined by 
TJx) = -Xo+ (I--]TX, V X G C 
n \ nj 
where XQ ^ C is a fixed point of T, has a fixed point a;„ G C. Let r and A be the 
asymptotic radius and center of {xn} w.r.t. C, respectively. It is easily seen that 
d{xn,Txn)<-S{C)^0. 
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Since T is compact valued, one can take yn € Tx^ such that 
WVn - Xn\\ = d{Xn,TXn), V n > 1. 
Since T" is a self mapping, one may assume that C is separable (otherwise, one can 
construct a closed convex subset of C, that is, invariant under T(see [97])). Then 
by Lemma 3.2.2, one may assume that {xn} is asymptotically uniform. Take any 
z ^ A, as Tz is compact, one can find Zn € Tz satisfying 
hn - ZnW = d{yn,Tz) < H{TXn,Tz). 
It follows from the nonexpansiveness of T that 
||yn-2;„|| < llXn-ZJj. 
Since Tz is compact, one may also assume that {z„} converges(strongly) to a point 
'z eTz. It then follows that 
limsup \\xn - z\\ = limsup ||y„ - ^n|| < limsup ||x„ - z\\. 
This shows that z € A. Hence one can define a multi-valued self map T : A -> A 
by setting for each z e A, 
Tz = An Tz. 
This mapping T is in general neither nonexpansive nor lower semicontinuous. How-
ever, it is upper semicontinuous, which is observed by Kirk and Massa [94]. With 
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this observation they were able to prove Theorem 3.2.17 by using the Bohnenblust-
KarHn [10] fixed point theorem that is of topological rather than metric nature. In 
addition, if one assume that X is uniformly convex (uniformly convex in every di-
rection is enough ), then asymptotic center A consists of exactly one point z. Then 
the above argument shows that one must have ^ = z and therefore z is a, fixed point 
of T. This is the idea of the simpHfied proof of Lim's theorem given independently 
by Goebel [60] and Lim [105]. 
The two following results are now basic in the fixed point theory of multi-valued 
mappings. Which are proved by Deimling [37], and Downing and Kirk [45] and 
Reich [132] respectively. 
Theorem 3.2.18[37]. Let C be a nonempty closed subset of a Banach space X 
and T : C —> 2^ a contraction. Assume that T is weakly inward on C and that each 
X G C has a nearest point in Tx. Then T has a fixed point. 
Theorem 3.2.19[45, 132]. Let C be a nonempty closed bounded and convex sub-
set of a uniformly convex Banach space X and T : C ^ cpt(X) a nonexpansive 
mapping. Then T has a fixed point provided T is inward on C. 
The following consequence of Theorem 3.2.18 above of Deimling [37] will be used 
in our next theorem. 
Theorem 3.2.20. Let C be nonempty closed bounded and convex subset of a Ba-
nach space and T : C ^ C[X) a contraction. Assume Tx{Mc{x) ^ 0, for all x ^C. 
Then T has a fixed point. 
Xu [168] in 2001 gave an extension of Kirk and Massa's [94] result to nonself 
mappings utilizing the idea of universal net. 
Definition 3.2.4. A net {xa} in a set S is called universal net if for each subset U 
of S, either {xa] is eventually in U or [xa] eventually in SIU. 
The following facts are pertinent (see Def. 2.2, [168]). 
(o) Every net in a set has a universal subnet. 
(6) If T : ^i -)• ^2 is a map and if [xa] is a universal net in 5i, then {T{xoc)] is 
a universal net in ^2. 
(c) If S is compact and if [xa] is a universal net in 5, then limx^ exists. 
a. 
Now for a nonself mapping T : C -^ cpt(X), one can define the contraction by 
the same formula (Remark 3.2.3). Suppose for each integer n> 1, T^ has a fixed 
point Xn G C. Let {xn^} be a universal subnet of [xn]. Xu [168] work out the 
asymptotic center as above just by replacing the sequence {a;„} by the net {xn^}. 
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This technique was employed by Xu [168] to give the following extension of Theorem 
3.2.17. 
Theorem 3.2.21. Let C be a nonempty closed bounded and convex subset of a 
Banach space X and T : C -^ C{X) be a nonexpansive nonself mapping which 
satisfies the inwardness condition. Suppose that the asymptotic center in C of each 
bounded sequence of X is nonempty and compact. Then T has a fixed point. 
Proof. 
Fix xo G C and for each integer n > 1, define the contraction Tn'-C -^ C{X) by 
Tn{x) = -xo +[l--]Tx,'i xe C. 
n \ nj 
Then r„ satisfies the inwardness condition, i.e., T„(x) C Ic{'^) for all x ^ C. Thus 
by Theorem 3.2.19, T^ has a fixed point Xn E C. By Lemma 3.2.2, one may assume 
that {xn} is regular. Let yn G Txn be constructed as Remark 3.2.3, i.e., ||xn —2/n|| = 
d{xn,Txn)- Let {x„^} be a universal subnet of {x„} and define a function g by 
g{x) = limsup ^x^^ — A\^ M x EC. 
a 
Let 
K = {xeC: gix) = r} , 
where r = inf g{x). Then by assumption, K is nonempty and compact. The key to 
proof is that the inwardness of T on C implies a weaker inwardness of T on K, i.e., 
Tx n IK{X) y^ H), XEK. (3.2.3) 
Indeed, if x € i^, by compactness, for each n > 1, there exists some Zn G Tx such 
that 
| |Z/n--2n|| =d{yn,Tx) < H{TXn,Tx) < | | x „ - x | | . 
Let z = lim z^ c, ETX. It follows that 
Hence 
It remains to show z e IK{X). 
9{z) 
9{z) 
= lim ||x„ -
= lim||xn^ -
a 
< lim ||x„ -
— • II '•'Ct 
a 
< g{x) = r. 
As Tx C Icix), 
z — x + X{v -
-4 
-Zn, 
- x\\ 
•x), 
(3.2.4) 
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for some A > 0 and f G C. 
If A < 1, then by the convexity of C, ^ G C and hence by (3.2.4), z e K C IK{'^) 
and theorem is proved. So assume that A > 1. Then one can write 
1 
1) = /iz + (1 - ii)x, where ;x = - € (0,1). 
A 
By the convexity oi g, one have by (3.2.4), 
5(^) < /^ (^^ ) + (1 - Mx) < r. 
Since •?; G C, it follows that v £ K and thus z = x + X{v — x) belongs IK{^)- NOW, 
one have a nonexpansive mapping T : K -^ C{X) which satisfies the boundary 
condition (3.2.3). The following lemma shows that T has a fixed point in K. 
Lemma 3.2.3. If C is a compact convex subset of a Banach space X and T : C -^ 
C{X) is a nonexpansive mapping satisfying the boundary condition 
Tx n ic{x) ^fJiyxec. 
Then T has a fixed point. 
Proof. 
Fix an XQ G C and for each integer n > 1, define a mapping Tn: C -^ C'(X) by 
Tn{x) = -xo + (1 - i ) Tx, V X G C. 
n \ nj 
Then T„ is a contraction satisfying the same boundary condition as T does, i.e., one 
have 
7;(x)n]cR7^0, V X G C . 
Hence by Theorem 3.2.20, Tn has a fixed point Xn G C. Since C is compact, one 
may assume x„ —)• x G C. Also it is easily seen that 
d(xn,Txn) < -S{C) -)• 0 as n -> 00. 
n 
Taking limit as n —)• oo yields d{x, Tx) = 0 and hence x G Tx. 
Remark 3.2.4. If T satisfies a stronger condition: Tx fl Ic{x) 7^  0 for all x G C, 
then Lemma 3.2.3 follows from a fixed point theorem of Caristi [32]. However, in 
nonexpansive case, the proof is constructive. 
Remark 3.2.5. It is unclear whether the conclusion of Theorem 3.2.21 remains 
valid if the inwardness of T is weakened to the weak inwardness. 
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Theorem 3.2.22[168]. Assume C to be a closed bounded and convex subset of a 
uniformly convex Banach space X and let T : C —>cpt(X) is a nonexpansive map-
ping satisfying the weak inwardness condition. Then T has a fixed point. 
§ 3.3. Extension of multi-valued mappings 
The notion of nonexpansiveness for multi-valued mappings has been extended 
in several ways. Husain and Tarafdar [75] introduced the concept of weakly nonex-
pansive mappings. 
Definition 3.3.1. Let C be a nonempty subset of a normed space X, a multi-valued 
mapping T : C —>• 2^ is called weakly nonexpansive if given a; G C and Ux 6 T(x) 
there is a. Uy E T{y) for each y G C such that 
\\ux -UyW < | |a;-y| | . 
The notion of fixed point for a weakly nonexpansive mapping T remains the same, 
i.e., XQ G C is called a fixed point of T ii XQ E. T{XQ). 
If Ta{a G A) is a family of single-valued nonexpansive self mapping of C, then 
T(x) = \JaeATa{x) {x G C) dcfines a weakly nonexpansive multivalued mapping. 
Moreover, each single-valued mapping is nonexpansive if and only if it is weakly 
nonexpansive. To see that not every weakly nonexpansive mapping on a nonempty 
closed bounded and convex subset C of a Banach space X has a fixed point, we 
consider the following example. 
Example 3.3.1 [74]. Let X = CQ, the Banach space of all complex sequences 
converging to zero with the sup norm. Let C denote the closed unit ball of CQ. For 
each integer n > 1, define 
Tn{x) = en + Sn{x) M X G C 
where e„ = {5„j}j>i ( the usual basis of CQ) and s„(x) = (2;i,X2, ....,Xn-i,0, x„+i,...) 
with 0 in the n"' position. It is easy to see that each T„ : C —>• C is a single-
valued nonexpansive fixed point free mapping. The multi-valued mapping T{x) — 
^n>iTn{x) (x G C) is clearly weakly nonexpansive and has no fixed point. It may 
be noted that C is not weakly compact or equivalently X is not reflexive. 
Husain and Tarafdar [75] proved the following result for weakly nonexpansive 
mappings. 
Theorem 3.3.1. If C is a compact interval of the real fine, then each weakly non-
expansive closed convex multi-valued mapping T : C -^ 2'^ has a fixed point. 
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Husain and Latif [74] proved a fixed point theorem for weakly nonexpansive 
multi-valued mappings on nonempty convex weakly compact subsets of a Banach 
space under certain conditions since, as the above example shows that it is not true 
in general. 
Theorem 3.3.2. Let C be a nonempty weakly compact convex subset of a Banach 
space X which satisfies Opial's condition. Let T : C —>• 2*^  be a compact-valued 
weakly nonexpansive mapping. Assume the following holds: 
(*) For a fixed w £ C and 0 < kn < 1 with kn ->• 0, there is Ux G T{x) for all 
X e C such that each single-valued self mapping T„(x) = knUx + (1 — kn)w of 
C has a fixed point Xn €: C. 
Then T has a fixed point. 
Since each closed bounded and convex subset of a reflexive Banach space is 
weakly compact and each Hilbert space satisfies Opial's condition the following 
corollaries can be derived. 
Corollary 3.3.1. Let C be a nonempty closed bounded and convex subset of a 
reflexive Banach space X (in particular, a uniformly convex Banach space) satis-
fying Opial's condition. Then each compact-valued weakly nonexpansive mapping 
T : C -> 2^ satisfying (*) has a fixed point. 
Corollary 3.3.2. Let C be a nonempty closed bounded and convex subset of a 
Hilbert space X. Then each compact-valued weakly nonexpansive map T : C -^ 2^ 
satisfying (*) has a fixed point. 
Remark 3.3.1. Since for single-valued mappings, the concept of weakly nonexpan-
sive maps coincides with that of nonexpansive mappings. Moreover, for single-valued 
mapping T : C -^ C where C is a nonempty closed bounded and convex subset of 
a Banach space X, each r„ in condition (*) is a contraction map and so by Banach 
contraction principle, each r„ has a fixed point Xn € C. Thus the assumption (*) 
becomes redundant. Moreover, lim \\T{x) - Tn{x)\\ = 0, i.e., each such T is the 
n—>cxD 
pointwise limit of contraction mappings. 
"If C is a nonempty convex weakly compact subset of a Banach space X satis-
fying Opial's condition, then each single-valued nonexpansive mapping T : C ^ C 
has a fixed point". This is a consequence of a theorems due to Kirk [87] and Browder 
[19]. Theorem 3.2.2 includes this result as a special case. 
Husain and Latif [74] introduced another class of nonexpansive mappings which 
is defined as follows: 
Definition 3.3.2. Let C be a nonempty subset of a normed space X. A multi-
valued map r : C -> 2*^  is said to be *-nonexapnsive if for all x,y e C and Ux € T{x) 
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with 
||x - Ux\\ = inf{||x - z\\ : z e T{x)}, 
there exists Uy 6 T{y) with 
\\y - UyW = mi{\\y - w\\ : w e T{y)} 
such that 
| |wi-%|| < ||a^-y||-
Following is an example of a multi-valued *-nonexpansive mapping. 
Example 3.3.2[74]. Consider C = {(a,6) e W^: a'^ + b'^ < 1}. For each x = (a, 6), 
one define T{x) = Dx, where Dx is the unique diagonal perpendicular to the straight 
fine joining the points (a, 6) and (0,0). Clearly Ux — (0,0) for all x G C and so 
0 = \\ux - UyW < \\x - y\\, showing that T is *-nonexpansive. It is easy to see that 
(0,0) is the unique fixed point of T. 
Husain and Latif [74] gave the following fixed point theorem for *-nonexpansive 
mappings. 
Theorem 3.3.3, Let C be a nonempty closed bounded and convex subset of a uni-
formly convex Banach space X which satisfies Opial's condition. Then each closed 
convex valued *-nonexpansive mapping T : C -^ 2^ has a fixed point. 
In the particular case when X is a Hilbert space we can dispense with the (*) 
condition of Theorem 3.3.2 as well as Opial's condition and we have an improved 
fixed point theorem for *-nonexpansive mappings. 
Corollary 3.3.3. Let C be a nonempty closed bounded and convex subset of 
a Hilbert space X. Then each convex closed valued *-nonexpansive mappings 
T : C ^ 2*^  has a fixed point. 
Corollary 3.3.3 extends the result of Husain and Tarafdar [75] and includes the 
result of Browder and Petryshyn [29] for single-valued mappings. 
Xu [167] in 1991 gave some new fixed point theorems for *-nonexpansive multi-
valued mappings wherein he showed that a weakly nonexpansive multi-valued map-
ping must be nonexpansive and thus the main theorem of Husain and Tarafdar [75] 
and of Hussain and Latif [74] on weakly nonexpansive multi-valued mappings are 
special cases of those of Lim [104] and Lami Dozo [99]. Xu [167] also proved a new 
fixed point theorem for *-nonexpansive multi-valued mappings. 
Husain and Latif [74] quoted that "each *-nonexpansive mapping is weakly nonex-
pansive". Xu [167] corrected it and gave the following relationship between them.. 
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Theorem. 3.3.4. Let T : X ^ 2^ hea, weakly nonexpansive multi-valued mapping, 
then it is nonexpansive. If T is compact-valued, then it is weakly nonexpansive if 
and only if it is nonexpansive. 
Remark 3.3.2. Theorem 3.3.4 shows that the results of Husain and Tarafdar [75] 
and of Husain and Latif [74] on weakly nonexpansive multi-valued mappings are 
special cases of those of Lim [104 ] and Lami-Dozo [99]. 
*-nonexpansiveness is different from nonexpansive for multi-valued mappings, 
as shown by the following two examples due to Xu [167]. 
In what follows, PT{^) denotes the set 
{ux € T{x) : d{x, Ux) = mi{d{x, u) -.u E T{x))} V x € X. 
Example 3.3.3. (A *- nonexpansive mapping which is different from nonexpan-
sive). Let X = [0, oo) and letT :X ->cpt(X) be defined by 
T{x) = [x, 2x]yxe X. 
Then PT{'^) = {o^} for every x e X. This clearly imphes that T is *-nonexpansive. 
However 
HiT{x), T{y)) = H{[x, 2x], [y, 2y]) = max{|a; - y\, \2x -2y\} = 2\x - y\, 
showing that T is not nonexpansive. 
Example 3.3.4. (A nonexpansive mapping which is not *-nonexpansive). Let X 
be the triangle in the plane with vertices 0(0,0), A(l, 0) and 5(0,1). Let T : X -^ 
cpt(A') be given by 
T{x,y) = the segment joining (0,1) and (x,0). 
Then PT{x,y) is the only element U(^x,y) in T{x,y). It can be easily seen that 
HiT{xi,yi),T{x2,^j2)) = \xi - x^l < d{{xi,yi), (0:2,^ 2)) 
for all {xi,yi) E X {i = 1,2), i.e., T is nonexpansive. 
But for all (x, y) & X with 0 < x, y < 1, we have 
|w(x,y)-W(i,o)| > d{{x,y), {1,0)), 
which shows that T is not *-nonexpansive. 
Further, Xu [167] proved two new fixed point theorems for *-nonexpansive multi-
valued mappings which cannot be implied by Lim [104] and Lami-Dozo [99] classical 
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ones for nonexpansive multi-valued mappings. 
Definition 3.3.3. Let C be a nonempty subset of a Banach space X and let 
T : C -> 2*^  be a multi-valued mapping. Then a single-valued map / : C -4 C is 
said to be a selector of T if f{x) G T{x) for each x G C. 
Theorem 3.3.5[167]. Let C be a weakly compact convex subset of a strictly con-
vex Banach space X and let T : C -4 2^ be a closed (not necessarily norm-compact) 
convex valued *-nonexpansive mapping. Then T possesses a nonexpansive selector. 
If, in addition, C has the f.p.p. for single-valued nonexpansive mappings, then T 
has a fixed point. 
Theorem 3.3.6[167]. Let C be a weakly compact convex subset of a Banach space 
X satisfying Opial's condition and let T : C ->• 2^ be a norm-compact convex and 
*-nonexpansive mapping. Then T has a fixed point in C. 
Remark 3.3.3. Theorem 3.3.6 removes the uniform convexity assumption on the 
space X of Husain and Latif [74], i.e., Theorem 3.3.3. 
In this continuation, we record some fixed point theorems for *-nonexpansive 
mappings due to Shahzad and Lone [150] as follows: 
Before stating the theorem we need the following definitions. 
Definition 3.3,4. Kuratowski and Hausdorff measures of noncompactness of a 
nonempty bounded subset C oi X are respectively defined as the numbers 
(z) a{C) = inf{cf > 0 : C can be covered by finitely many sets of diameter < d}, 
(ii) x{C) — 'mi{d > 0 : C can be covered by finitely many balls of radius < d}. 
Definition 3.3.5. A multi-valued mapping T : C -> 2^ is called 1 - ^-contractive 
where 7 = «(•) or ^{•) if, for each bounded subset K oi C with 7(C) > 0, there 
holds the inequahty 
7(r(C)) < 7(C). 
Here T{C) = U^^^cTx. 
Definition 3.3.6. The separation measure of noncompactness of a nonempty bounded 
subset C of X is defined by 
P{C) = sup{e : there exists a sequence {x„} in C such that sep({a;„}) > e} 
where sep({.Xn}) = inf{||a;„ - Xm\\ : n 7^  m > e}. 
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Definition 3.3.7. Let X be a Banach sp.ace and (j) — a,P ov x- The modulus of 
noncompact convexity associated to 0 is defined in the following way: 
Ax,,^(e) = inf {1 - d{Q, A): Ac Bx is convex and <^ (A) > e}, 
where Bx is the unit ball of X. 
The characteristic of noncompact convexity of X associated with the measure 
of noncompactness 0 is defined by 
e^(X) = sup{e>O:AA',0(e)=O}. 
Theorem 3.3.7. Let C be a nonempty closed bounded and convex subset of a 
Banach space X such that e^iX) < 1 (Def. 3.3.7) and T : C -» C(X) a *-
nonexpansive, 1 — ^-contractive mapping. If T satisfies 
T{x) C Ic{x) V X e C, 
then T has a fixed point. 
From above result following corollary can be deduced which extends Theorem 3.3.6 
to nonself multi-valued mappings and to spaces satisfying the nonstrict Opial con-
dition. 
Corollary 3.3.4. Let C be a nonempty closed bounded and convex subset of a 
Banach space X such that ea{X) < 1 satisfying the nonstrict Opial condition and 
T : C -^ C(X) a *-nonexpansive mapping. If T satisfies 
T{x) C Ic{x) VxeC, 
then T has a fixed point. 
Benavides and Ramirez [8] proved fixed point theorem for a multi-valued non-
expansive and 1 - 7-contractive mappings in the framework of a Banach space whose 
characteristic of noncompact convexity associated to the separation measure of non-
compactness is less than 1. Fixed point theorems for multi-valued nonexpansive self 
mappings proved in [8] are more general than the earher results. 
Theorem 3.3.8. Let C be a nonempty closed bounded and convex subset of a 
Banach space X such that ep{X) < 1 and T : C ^ C{C) be a nonexpansive and 
1 - x-contractive nonexpansive mapping, then T has a fixed point. 
Remark 3.3.4. Theorem 3.3.8 does not hold if nonexpansiveness assumption is 
removed. Indeed, if B is the closed unit ball of I2 and T : S —)• 5 is defined by 
T{x) ^T{xi,X2,....)^{\/l- ||2;||2,a;i,X2,...), 
65 
then r is 1 - x-contractive without a fixed point. 
Theorem 3.3.9. If X is either a separable or reflexive Banach space satisfying 
the nonstrict Opial's condition, C is a nonempty weakly compact subset of X and 
T : C -> C{C) is a nonexpansive mapping, then T is 1 — ^-contractive. 
In view of the above result following corollary can be deduced immediately. 
Corollary 3.3.5. Let X be a Banach space with €p{X) < 1 which satisfies the non-
strict Opial's condition. Suppose C is a nonempty weakly compact convex subset 
of X and T : C ^ C{C) is a nonexpansive mapping, then T has a fixed point. 
Theorem 3.3.10. Let X be a Banach space with €^{X) < 1 which satisfies the 
nonstrict Opial condition. Suppose C is a nonempty weakly compact convex subset 
of X and T : C ^ C{C) is a nonexpansive mapping, then T has a fixed point. 
Benavides and Ramirez [8] remarked that the assumption of nonexpansiveness 
cannot be avoided, Shahzad and Lone [150] proved fixed point result for multi-valued 
mappings which are not necessarily nonexpansive. To establish this, Shahzad and 
Lone [150] defined a new class of multi-valued mappings which includes nonexpan-
sive mappings. 
Definition 3.3.8. Let C be a nonempty weakly compact convex subset of a Banach 
space X and T : C ^ C{X) a continuous mapping. The map T is called subse-
quentially limit-contractive (SL) if for every asymptotically regular sequence {xn} 
inC, 
limswpH(Txn,Tx) < limsup||x„ - x||, 
n n 
for all X e Ac{{xn})-
Note that if C is a nonempty closed convex subset of a uniformly convex Banach 
space X and {x„} is bounded, then Ac{{xn}) has a unique asymptotic center, say 
xo, and so in Definition 3.3.8., we have 
limsupiJ(Txn,Txo) < lira sup \\xn - XQ\\. 
n n 
Every nonexpansive mapping is an SL mapping. Several examples of mappings can 
be constructed which are SL but not nonexpansive. For example, we give following 
one; 
Example 3.3.5. Let C = [0,3/5] with the usual norm and consider the mapping 
Tx = x^. It is easy to see that T is an SL mapping but not nonexpansive. Moreover, 
T is 1 - x-contractive and has a fixed point. 
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Following theorem due to Shahzad and Lone [150] contains Theorem 3.3.8 as a 
special case. 
Theorem 3.3.11. Let C be a nonempty closed bounded and convex subset of a 
Banach space X such that ea{X) < 1 and T : C -^ C{X) a continuous, SL and 
1 — x-contractive mapping. If T satisfies 
T{x) C Icix), V X e C, 
then T has a fixed point. 
Corollary 3.3.6. Let C be a nonempty closed bounded and convex subset of a 
Banach space X satisfying Opial's condition such that €a{X) < 1 and T : C -^ C{X) 
a nonexpansive mapping. If T satisfies 
T{x)clc{x), V X G C , 
then T has a fixed point. 
§ 3.4. Structure of fixed point set 
Throughout this section C is assumed to represents a closed convex subset of a 
Banach space X and F{T) the set of fixed points of a mapping T : X -^ 2^ tohe 
nonempty. 
Definition 3.4.1. A mapping T : X -^ CB[X) is strictly nonexpansive if 
H{Tx,Ty) < \\x — y\\ for any x,y E X and x^y. 
If T is a single-valued mapping, then the following properties are true. 
(a) If T is strictly nonexpansive, then Fi^) is a singleton. 
(6) If T is nonexpansive and the norm of the Banach space X is strictly convex, 
then F(T) is convex. 
Statement (a) is no longer true for multi-valued mappings. For example, let C 
be a set containing more than two points, then the set of fixed points of the mapping 
T : C --> 2^ such that T{x) = C for any a; e C, is C itself which is not a singleton. 
Following example shows that the statement (b) is also not true for multi-valued 
mappings such that the image of each point is a nonempty convex set. 
Example 3.4.1. Let C = [0,1] x [0,1] be a subset of 3?^  with the usual norm and 
T : C -^ C{X) be a nonexpansive mapping defined by 
T{{xi,X2)) = the triangle with vertices (0,0), (xi,0) and (0,X2). 
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Note that T((xi,X2)) is a degenerate triangle if xixa = 0 and the norm in 5?^  is 
strictly convex. But the set F{T) of fixed points of T is 
F{T) = {(xi, X2) : (xi,2:2) € C and X1X2 = 0} 
which is not convex. 
For a multi-valued mapping T, one have several choices for values of T, e.g. 
T(x) G K{X),T{x) e cpt(X) or T{x) G C{X); among them, T{x) e C(X) is the 
strongest assumption. For example, let C be a compact convex subset of X and let 
T : X —)'Cpt(X) be an upper semicontinuous mapping such that T{x) C C for any 
X e C, then T does not always have a fixed point. But if we simply change T as 
a mapping into C{X) instead of into cpt(X), then T has a fixed point. In above 
example, although we have imposed the strongest condition on the values of T, i.e., 
T{x) G C{X), that condition does not force T to satisfy (b). However, the following 
theorem due to Ko [96] gives the sufficient condition for F{T) to be convex. But 
first we state following lemma which will be used in the next theorem. 
Lemma 3.4.1. Let T : X -> 2^, define 
Hr = {x e X : d{x,Tx) < r}, 
where r > 0. If / — T is a semiconvex mapping on X, then Hr is convex. 
Theorem 3.4.1[96]. Let T : C -4 2^ be a mapping such that / — T is a semiconvex 
mapping on C. Then F{T) is convex. 
Proof. 
If / - r is semiconvex on C, then above lemma shows that the set 
Hr^{xeX : d{x, Tx) < r} 
is convex. Hence F{T) = HQ is convex. 
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CHAPTER 4 
ON ASYMPTOTICALLY NONEXPANSIVE 
MAPPINGS 
§ 4.1. Introduction 
As discussed in Chapter 2"^, Browder [19], Gohde [66] and Kirk [87] simultane-
ously but independently proved that every nonexpansive self mapping of a nonempty 
closed bounded convex subset of a uniformly convex Banach space always admit a 
fixed point (see Theorem 2.2.3). Here it may be pointed out that the same is not 
true if we allow the Lipschitz constant k to take values greater then 1 in case the 
underlying space is a Hilbert space. 
With a view to widen the class of nonexpansive mappings, Goebel and Kirk [61, 
1972] noticed that there are classes of mappings which lie between the nonexpansive 
mappings and those with Lipschitz constant A; > 1 for which fixed point theorems 
do exist; one such class of mappings was termed as 'asymptotically nonexpansive' 
by Goebel and Kirk [61] as mentioned earlier. These are mappings T : C -^ C 
defined on a nonempty subset C of a Banach space X having the property that 
T" has Lipschitz constant A;„ with /;;„-)• 1 as n ^ oo. The class of asymptotically 
nonexpansive mappings is wider than the class of nonexpansive mappings. The 
following example illustrates the situation better. 
Example 4.1.1 [61]. Let B denote the unit ball in the Hilbert space P and let T 
be defined as follows: 
r : (xi,X2,X3,---) -^ (0,2;J,r2X2,r3X3,---) 
where Vi is a sequence of numbers such that 0 < fi < 1 and n^2^i = \- Then T is 
Lipschitzian and 
\\Tx - Ty\\ < 2\\x - y\\, x,y e B, 
and moreover. 
Thus 
\\Tx - Ty\\ < 2Ui^,rj\\x - y\\ f o r i - 2 , 3 , 
Hm ki — lim 2U)^2'''j — 1-
Clearly, the mapping T is not nonexpansive. 
Definition 4.1.1, A Lipschitzian mapping T from a nonempty (and generally, 
closed bounded convex) subset C of hnear space X satisfying 
| | r "x - r "y | |<A;„ | | a ; -y | | , V a;,y G C and n e A^  
is called 
(a) unijormly k-Lipschitzian if fcn = fc for all n > 1 
(6) nonexpansive if fc^ = 1, for all n > 1 
(c) asymptotically nonexpansive if fc„ > 1, V n > 1, and lim kn — 1. 
n—>oo 
Fixed point theory for nonexpansive mappings has been studied extensively and 
the existing literature on asymptotically nonexpansive mappings is very extensive. 
In [61], Goebel and Kirk proved the natural generalization of Browder-Gohde-Kirk 
theorem(Theorem 2.2.3) using the notion of asymptotically nonexpansive mapping. 
Later in 1973, the same authors [62] proved that the result remains valid for the 
broader class of uniformly fc-Lipschitzian mappings with fc < 7, where 7 is suffi-
ciently near to one. This was extended to mapping of asymptotically nonexpansive 
type by Kirk [91]. The result of Goebel and Kirk [61] has been further generalized 
to a A;-uniformly rotund Banach space for any integer /c > 1 by Xu [165] and more 
generally to a nearly uniformly convex Banach space by Xu [166]. More recently 
these results have been extended to wider classes of spaces, for example see [31, 50, 
86, 106, 108]. In particular Lim and Xu [106] and Kim and Xu [86] have demon-
strated the existence of fixed points for asymptotically nonexpansive mappings in 
Banach spaces with uniform normal structure, see also [33] for some related results. 
However, great deal of work has been done on the asymptotic aspect of the fixed 
point theory but many natural questions remains open out of which following are 
worthy of recording. 
Question 4.1.1. Whether normal structure imphes the existence of fixed points 
for mappings of asymptotically nonexpansive type. 
Question 4.1.2. Let C be a closed bounded and convex subset of a Banach space 
X and given a mapping T : C -^ X with Lipschitz constant A;i > 1, it is natural to 
ask whether one can say anything about the sequence {kn} where 
r llT^^a; _ T'^yW 1 
kn = sup < —,, _ ,,— : x,yeC\x=^y>. 
The answer seems to be negative. 
Question 4.1.3. It is well known that if B is a unit ball in l^ then every non-
expansive self mapping of B has a fixed point. But the question of whether every 
asymptotically nonexpansive self mapping of B has a fixed point remains open. 
§ 4.2. Some existence theorems 
Goebel and Kirk [61] proved the following result which is a generalization of a 
result due to Browder [19] for asymptotically nonexpansive mappings. 
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Theorem 4.2.1[61]. Let C be a nonempty closed bounded and convex subset of 
a uniformly convex Banach space X. Then T : C ^ C has a fixed point if T is 
asymptotically nonexpansive. 
Proof. 
Let B{x,r) denote the ball centered at x ^ C, having radius r. Let y G C be 
fixed and let Ky be the set consisting of those numbers p for which there exists an 
integer A; such that 
' 00 
cn[f]B{ry,p)\^t 
\i—k 
If d is the diameter of C then d E Uy, so Uy 7^  0. Let po = g-l-b- ^y and define 
00 00 
Ce = U (D B{T'y, Po + e)) for each e > 0. Thus the sets CeOC are nonempty and 
/c=l i=k 
convex for each e > 0, so reflexivity of X implies that 
Note that for a; € C and 77 > 0 there exists an integer A'' such that if z > A'', 
\\x-T'y\\<po + V-
Now let X E K and suppose the sequence {T^x} does not converge to x (i.e., 
Tx ^ x). Then there exists e > 0 and a subsequence {T"'a:} of {T^x} such that 
||T"*x - a;|| > e, i = 1,2, • • • . For m>n, 
\\T''x-T'^x\\ <kn\\x-T^-''x\l 
where kn is the Lipschitz constant for T" obtained from the definition of as-
ymptotically nonexpansiveness. Assume Po > 0 and choose a > 0 so that (1 -
(5(e/(po + a)))(po + a) < PQ- Select n so that ||x - T"a;)| > e and also so that 
kn[pQ + a/2) < Po + a. If AT > n is sufficiently large, then m> N impUes 
\\x - r"^-"y|[ < Po + a/2, 
and one gets 
\\T''x-T^y\\<kn\\x-T'---y\\<Po + a, 
\\x - T^y\\ <Po + a. 
Thus by uniform convexity of X, for m > A^ , 
rny n^ -H j^^ °^^ "^ "^ -
which is a contradiction to the definition of po. Hence po = 0 or Tx = x. But po = 0 
implies {T'^y} is a Cauchy sequence yielding T"y -^ x = Tx as n -^ 00. Therefore 
the set C consists of a single point which is fixed under T. 
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In 1998, Kirk et al. [95] showed that there is a close relationship between the 
fixed point property (f.p.p.) for nonexpansive mappings and the approximate fixed 
point property (a.f.p.p.) for asymptotically nonexpansive mappings and used the 
approach of ultrapower to give a very quick new proof of Theorem 4.2.1. 
Definition 4,2.1. Let C be a nonempty set. A filter .7^  in C is a collection of 
nonempty subsets of C satisfying 
(a) A,BeJ' = > AnBeT, 
(b) A e J" and Ac B = ^ BeJ". 
The family of all filters on C, ordered by set inclusion, satisfies the principle that 
each of its linearly ordered chain has an upper bound (the union of all filters in the 
family). Therefore, by Zorn's lemma, every such filter is contained in a maximal 
filter (one not contained in any larger filter). Any filter maximal in this sense is 
called an ultrafilter. The simplest ultrafilters are those generated by a single ele-
ment X G C (i.e., consisting of all subsets of C which contain x). These ultrafilters 
are called trivial and all other ultrafilters are said to be free ultrafilters. 
Definition 4.2.2. Let X be a Banach space and let [/ be a nontrivial ultrafilter 
over the set of natural numbers N. Let 
^oo(^) = {x^ {xn} & X : sup llxill < oo}, 
l<i<oo 
and let 
N = {x = {xn} G UX) : lim H ;^,!! = 0}. 
The Banach space ultrapower X of X over U is the quotient space loo{X)/N. 
Thus the elements of X are equivalence classes of the bounded sequence {xn} C X, 
where one agrees that two such sequences {x„} and {y^} are equivalent if 
lim ||a:„-?/n 11 = 0. 
The norm \\.\\u in X is given by defining for x = [{xn}] G X, 
\\x\\u = lim||a;„||. 
Now let C C X and suppose T :C -^ C. Letting 
C = {x = [{xn}] eX:XneC, V n}. 
There is a canonical way to extend T to a mapping T : C -> C by setting for 
X = [{Xn}] € C, 
T{x) = [{T{xM 
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Here, one may note that C is a closed bounded and convex subset of X and T is 
nonexpansive provided T is nonexpansive as well. Moreover, if C is bounded and 
T is nonexpansive then it is well known that there always exist sequence {xn} C C 
such that 
lim \\xn — TxnW — 0. 
n—>oo 
From this it follows that Tx — x, where x = [{xn}], i.e., F{T) ^ 0. 
It is assumed that T is asymptotically nonexpansive then T will be asymptoti-
cally nonexpansive but this is not true for nonexpansive mappings. 
A Banach space X has super-f.p.p. if X has the f.p.p. for nonexpansive mappings, 
where X is any ultrapower of X over some nontrivial ultrafilter in N. It is known 
that such a space X is necessarily reflexive (hence superreflexive) as particularly 
speaking, it has the f.p.p. for isometrics. 
Theorem 4.2.2[95]. If a Banach space X has the super-f.p.p. for nonexpansive 
mappings, then X has the a.f.p.p. for asymptotically nonexpansive mappings. 
Using this approach. Kirk et al. [95] gave the following proof of Theorem 4.2.1. 
Theorem 4.2.3[95]. Let C be a closed bounded and convex subset of a uniformly 
convex Banach space X and suppose T : C —)• C is asymptotically nonexpansive. 
Then T has a fixed point. 
Proof. 
Let T and C be defined as above. Since the modulus of convexity(Def. L2.4) is 
a super property, X is uniformly convex and in particular X has the super f.p.p.. 
Let C be a closed convex subset of C defined as follows: 
C = {X = [{Xn}] •.Xn = XeC}. 
Thus by the Theorem 4.2.2, T has a fixed point x e C. Note that i(x = xeC 
then | |i — r(i) | |{/ = lim \\T{x) — x|| = 0 and it follows that T(x) = x. On the other 
hand, if x ^ C then there is a unique point z ^ C such that \\x — z\\u — D{x, C) and 
since X is uniformly convex lim | | r (i) - z\\u = 0, from which T{z) = z. Therefore 
n 
T{z) = z and in either case theorem is proved. 
Definition 4.2.3. Let X be a Banach space. Then the normal structure coefficient 
o/X(denoted by N{X)) is defined by 
iV(X) == inf ^ ^^^) ^ 
MC) 
where infimum is taken over all closed bounded and convex subsets C of X with 
more than one point, S{C) = sup{||a; - y\\ : x,y G C] is the diameter of C and 
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Tc{C) = inf{sup{||x - y\\ : y e C} : X e C} is the self Chebyshev radius of C. If 
N{X) > 1 then X has uniform normal structure. 
A deep result of Casini and Maluta [33] is following: 
Theorem 4.2.4[33]. If A; < y/N(X), where N{X) is the normal structure co-
efficient of X, then a uniformly fc-Lipschitzian mapping T : C —^ C has a fixed 
point. 
Though an asymptotically nonexpansive mapping T is eventually uniformly Lip-
schitzian. Theorem 4.2.4 does not apply to an asymptotically nonexpansive map-
ping. Next is a result due to Lim and Xu [106] which is a shght generahzation of 
Theorem 4.2.4. 
Theorem 4.2.5[106]. Suppose C be a nonempty bounded subset of a Banach space 
X with uniform normal structure and T : C —>• C is a uniformly fc-Lipschitzian 
mapping with k < y/N{X). Suppose that there also exists a nonempty closed 
bounded and convex subset K oiC along with the following property: 
xeK =^ ujy,{x) C K, (4.2.1) 
where LOU,{X) is the weak w-limit set of T at x, i.e., the set 
[y e X -.y ~ weak lim T"^ 'a; for some rij -^ oo}. 
Then T has a fixed point in K. 
Remark 4.2.1. Note that if C itself is a nonempty weakly compact and convex 
subset of X, then Theorem 4.2.5 reduces to Theorem 4.2.4. 
A direct consequence of Theorem 4.2.5. is the following result. 
Theorem 4.2.6[106]. Let T be an asymptotically nonexpansive self mapping of a 
nonempty bounded subset C of a uniformly smooth Banach space X. If there exists 
a nonempty closed bounded and convex subset K oiC satisfying (4.2.1), then T has 
a fixed point in K. 
In continuation, Kim and Xu [%Q, 2000] established the existence of fixed point 
of asymptotically nonexpansive mappings in space having uniform normal structure. 
Theorem 4.2.7[86]. If T be an asymptotically nonexpansive self mapping of a 
closed bounded and convex subset of a Banach space X equipped with uniform nor-
mal structure, then T has a fixed point. 
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Since uniform smoothness implies normal structure, one have the following result 
which was implicitly used in Theorem 4.2.5. 
Theorem 4.2.8 [86]. Every asymptotically nonexpansive mapping T defined on 
a closed bounded and convex subset of a uniformly smooth Banach space X has a 
fixed point. 
Since uniformly convex Banach space is uniformly smooth, above result gen-
eralizes Theorem 4.2.1. Kim and Xu [86] raised a question about the existence 
of Theorem 4.2.7 for mappings of asymptotically nonexpansive type. Li and Sims 
[102, 2002] presented answer to this question. Their results [102] were proved with 
an endeavour to extend the results in [86, 106] to the mappings of asymptotically 
nonexpansive type. 
Definition 4.2.4[91]. Let C be a nonempty subset of a Banach space X. Then 
a mapping T : C —>• C is said to be of asymptotically nonexpansive type if for each 
xeC 
hm sup{sup[||r(a;) ~ r{y)\\ - \\x - y\\]} < 0. 
*-^°° y&C 
Theorem 4,2,9[102], Let T be a continuous self mapping of asymptotically nonex-
pansive type defined on a nonempty bounded subset of a Banach space X equipped 
with a uniform normal structure. If there exists a nonempty closed convex subset 
i^ of C satisfying (4.2.1), then T has a fixed point in K. 
Since an asymptotically nonexpansive mapping is of asymptotically nonexpan-
sive type. Theorem 4.2.6 can be derived as a corollary to Theorem 4.2.9. 
Corollary 4.2.1(102]. Let C and X be as in Theorem 4.2.9 and let T : C -^ C be 
an asymptotically nonexpansive mapping. Suppose there exists a nonempty closed 
bounded subset K oiC satisfying (4.2.1). Then T has a fixed point. 
Following corollary can be considered as a slight generalization of Theorem 4.2.1. 
Corollary 4.2.2[102]. Let X be a Banach space with uniform normal structure, 
let C be a closed bounded and convex subset of X and suppose T : C ^ C is a 
continuous mapping of asymptotically nonexpansive type. Then T has a fixed point. 
§ 4.3. Iterations in Banach and Hilbert spaces 
After the introduction of the class of asymptotically nonexpansive mappings, 
several researchers utilized the process of iterative construction of a fixed point 
to prove results on asymptotically nonexpansive mapping as the weak limit of the 
sequence of iterates, assuming that T is (weakly) asymptotically regular (see for 
example [11, 67, 123, 141]). 
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The study of iterative construction for fixed points of asymptotically nonexpan-
sive mappings was initiated in 1978. Bose [11] first proved that if C is a closed 
bounded and convex subset of a uniformly convex Banach space X which satisfies 
Opial's condition and T : C -> C is an asymptotically nonexpansive, then [T^x] 
converges weakly to a fixed point of T provided T is asymptotically regular at XQ. 
This conclusion is still vahd [123, 166] if Opial's condition of X is replaced by the 
condition that X has Prechet differentiable norm. Furthermore, in both cases, as-
ymptotic regularity of T at a; can be weakened to weak asymptotic regularity of T 
at X, I.e., 
w - lim ||r"x - T'^ +'xIl = 0. 
n->oo 
In 1991, Schu [144] established that under appropriate conditions, the modifica-
tion Xn-yi = (1 — Oin)xn + OinT'^Xn of the usual Mann iteration converges strongly 
to some fixed point of T provided T is completely continuous and asymptotically 
nonexpansive. Since then, Schu's [144] iterations process has been widely used to 
approximate fixed points of asymptotically nonexpansive self mappings in Hilbert 
spaces or Banach spaces. 
Theorem 4.3.1 [144]. Let C be a nonempty closed bounded and convex subset of 
a Hilbert space X. T : C —^  C be an asymptotically nonexpansive mapping with 
00 
sequence {kn] C [l,oo), X](^n ~ 1) < 0°) {<^n] C [0,1], e < a„ < 1 - e for all 
7 1 = 1 
n ^ N and some e > 0. Let Si € C define 
x„+i = (1 - an)a;„ + a„r"a;n V n € TV (4.3.1) 
then lim ||x„ — TxnW — ^• 
n—>oo 
Theorem 4.3.2 [144]. Let C be a nonempty closed bounded and convex subset 
of a Hilbert space X. T : C -^ C he a, completely continuous and asymptotically 
00 
nonexpansive with sequence {kn} C [l,oo), X)(^n " 1) < °° {"^ n} C [0,1], e < 
7 1 = 1 
<^n<l — eVn€A^ and some e > 0. Let {a:„} be the usual Mann iteration process 
defined by (4.3.1). Then {xn} converges strongly to some fixed point of T. 
Following result is due to Schu [145]. 
Theorem 4.3.3[145]. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex Banach space X satisfying Opial's condition and T : C -> C be an 
00 
asymptotically nonexpansive mapping with sequence {fc„} C [1, oo), ^ (/c„ - 1) < 
7 1 = 1 
OO. Suppose that Xi e C and {an} C [0,1] is bounded away. Then the sequence 
{xn} given by (4.3.1) converges weakly to some fixed point of T. 
Following theorem due to Schu [145] is a generalization of Theorem 4.3.2, when 
X is restricted to be a Hilbert space. 
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Theorem 4.3.4[145]. Let C be a nonempty closed bounded and convex subset 
of a uniformly convex Banach space X. Let T : C —>^ C be an asymptotically 
oo 
nonexpansive with sequence [kn] C [l,oo) for which Y^{kn — 1) < oo. Suppose 
that Xi G C and {a„} C [0,1] is bounded away. If T"' is compact for some m E N, 
then the sequence {x,,} described by (4.3.1) converges strongly to some fixed point 
ofT. 
Unfortunately, Theorem 4.3.3 does not apply to the L^ space Up ^ 2 since none 
of these spaces satisfy Opial's condition. Tan and Xu [160] showed that Theorem 
4.3.3 remains true if the assumption that X satisfies Opial's condition is replaced by 
the one that X has a Prechet differentiable norm. Tan and Xu [160] result applies 
to the L^ spaces for 1 < p < oo since each of these spaces is uniformly convex and 
uniformly smooth. 
Theorem 4.3.5[160]. Let C be a closed bounded and convex subset of a uniformly 
convex Banach space X with a Frechet differentiable norm. If T : C —^  C be an 
asymptotically nonexpansive mapping such that ^(fc„ — 1) converges, then for each 
n 
xi e C, the sequence {x„} defined by (4.3.1) (with {«„} a sequence of real numbers 
bounded away from 0 and 1) converges weakly to a fixed point of T. 
Remark 4.3.1. It is not known that Theorem 4.3.5 remains vahd if kn is allowed 
to approach 1 slowly enough so that ^(fcn — 1) diverges. 
n 
Schu [144] established the convergence of the Mann iterates of a completely con-
tinuous asymptotically nonexpansive mapping on a Hilbert space. In 1994, Rhoades 
[139] extended Theorem 4.3.2 to uniformly convex Banach spaces. 
Theorem 4.3.6[139]. Let C be a nonempty closed bounded and convex subset 
of a uniformly convex Banach space X. T be an asymptotically nonexpansive self 
mapping of C with {kn} > 1, Yl{kn ~ I) < oo, for some r > l , e < l - a n < l - e 
for all n and some e > G. If for some Xi G C, {xn} is described by (4.3.1), then 
lim||xn-Txn|| =0 . 
Theorem 4.3.7. Let C be a nonempty closed bounded convex subset of a uni-
formly convex Banach space. Let T be a completely continuous asymptotically 
00 
nonexpansive self mapping of C with {kn} satisfying kn>l and Y^{kn - 1) < oo, 
r = max{2,p} where p > 1, e < an < 1 - e for all n and some e > 0. If some 
Xi G C, the sequence {xn} is described by (4.3.1), then {x„} converges strongly to 
some fixed point of T. 
Remark 4.3.2. Theorem 4.3.2 is a special case of Theorem 4.3.7 for p=^2. 
Following is a comparison theorem for an Ishikawa type iteration which is given 
by Rhoades [139]. 
Theorem 4.3.8[139]. Let C be a nonempty closed bounded and convex subset of 
uniformly convex Banach space X. Let T be a completely continuous asymptotically 
nonexpansive self mapping of C with {A;„} satisfying A;„ > 1, XK^n "" 1) < °°)^ — 
n=\ 
max{2,p},p > 1. Define {a,i}, {^n} to satisfy e < (1 - an), (1 - /?n) < 1 - e for all 
n and some e > 0. Define 
Xn+l = (1 - Cin)Xn + OlnT'^yn, V n > 0 
y„ = (1 - /?„)X„ + PnT'^Xn-
Then {xn} converges strongly to a fixed point of T. 
Huang [72] extended Theorems 4.3.7 and 4.3.8 of [139] to further general cases. 
Definition 4.3.1[72]. Let C be a subset of a Banach space X. The Ishikawa 
iteratio7i process {x„} with errors (with xi G C) is defined as follows 
Xn+l = (1 - Oin)Xn + OinT^yn + W„, U^N 
(4.3.2) 
y„ = (1 - Pn)Xn + ^nT'^Xn + Vn, 
00 CO 
where [un] and {I'n,} are two sequences in C satisfying ^ ||wn|| < oo, ^ ||i;„|| < oo, 
n=l n= l 
and {a„} and {/5„} are two sequences of real numbers in [0,1] satisfying suitable 
conditions. 
Ishikawa iteration process with errors is a generalized case of the Ishikawa iter-
ation process, while for all n e A'' with /3„ = 0, it reduces to the Mann iteration 
process with errors which is a generalized case of the Mann iteration process. 
Theorem 4.3.9[72]. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex real Banach space X and T : C —> C be a completely continuous 
asymptotically nonexpansive mapping with {kn\ C [1, oo), Y^{k\^ — l)<oo for some 
n=l 
r > 1. Suppose that {a^} is a sequence in [0,1] satisfying 0 < ai < a^ < 1 — a2 < 1 
for all n > 0, where ai,a2 G (0,1) are some constants. For any Xi G C, define the 
following Mann iterative sequence with errors {x^} in C by 
X„+i = (1 - an)Xn + OLnT'Xn + Un, n > 0 
00 
where {un} is a sequence in C satisfying ^ ||Mn|| < oo. Then the sequence [xn] 
n=l 
converges strongly to some fixed point of T. 
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Theorem 4.3.10[72]. Let C be a nonempty closed bounded and convex subset of 
a uniformly convex real Banach space X and T : C ^ C he a. completely contin-
oo 
uous asymptotically nonexpansive mapping with {fc„} C [l,oo), X](^n "" 1) < °° 
n=l 
for some r > 1. Suppose that {an} and {/?„} be two real sequences satisfying 
0 < oi < a„ < 1 - 02 < 1, 0 < ;9n < 1 for all n > 0, lim sup/?n < 6 < 1 for all 
n > 0, where ai,a2 G (0,1) and h G [0,1) are some constants. Define Ishikawa iter-
ative sequence with errors {x„} in C by (4.3.2). Then the sequence {x^} converges 
strongly to some fixed point of T. 
Remark 4.3.3. If «„ = u^ , = 0 for all n ^ N, with Ui = a2 — e (for some constant 
e > 0), then Theorem 4.3.9 reduces to Theorem 4.3.7 
l{un = Vn = 0 for all n G A'', ai = 02 = e, '0 < /5„ < 1', and ' lim sup^„ < 6 < 1' 
n—*oo 
is replaced by 'e < /3n < 1 - e' for some constant e > 0, then Theorem 4.3.10 reduces 
to Theorem 4.3.8. In fact, '0 < /?„ < 1, lim sup/?„ < b < V can be deduced from 
n—>cx> 
'e < /?n ^ 1 — e' for some constants e > 0. It yields that Theorem 4.3.8 is a direct 
corollary of Theorem 4.3.10. 
Remark 4.3.4. Theorem 4.3.8 cannot reduce to Theorem 4.3.7 since the condition 
f < / ? n : ^ l - e y n e N and some constant e > 0. By substituting /?„ = 0, for all 
n e N Theorem 4.3.10, which generalizes Theorem 4.3.8, can reduce to Theorem 
4.3.9 in the case of the Mann iteration with errors, which actually generalizes The-
orem 4.3.7. 
In recent years, one step and two step iterative schemes have been studied ex-
tensively to solve the nonhnear operator equations as well as variational inequalities 
in Hilbert and Banach spaces. Inspired and motivated by this fact, Xu and Noor 
[164] in 2002 suggested and analyzed a new class of three step iterative schemes for 
solving the nonlinear equation Tx = x for asymptotically nonexpansive mappings 
in Banach spaces. This new iterative scheme includes Ishikawa type and Mann type 
iterations as special case. 
Algorithm 4.3.1. Let C be a nonempty subset of a normed space X and let 
T : C -> C be a mapping. For a given xi G C, sequences {xn}, {yn} and {z„} can 
be computed by the iterative schemes 
Xn+l = (1 - an)Xn + OnT'^yn, V n > 0 
{ yn^il-Pn)Xn+PnT''Zn (4.3.3) 
where {a„}, {^n} and {7„} are sequences in [0,1]. 
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If 7„ = 0, then Algorithm 4.3.1 reduces to 
Algorithm 4.3.2. Let C be a nonempty subset of a normed space X and let 
T : C —^  C be a mapping. For a given Xi G C, sequences {x„} and {;</„} can be 
computed by the iterative schemes 
.x„+i = (1 - an)xn + anT'^yn, V n > 0 
(4.3.4) 
yn = (1 - Pn)Xn + PnT'^Xn 
where {a„} and {/?„} are sequences in [0,1]. Notice that Algorithm 4.3.2 is Ishikawa 
iterative process. 
For /3„ = 0 and 7n = 0, Algorithm 4.3.1 reduces to 
Algorithm 4.3.3. Let C be a nonempty subset of a normed space X and let 
T : C —)• C be a mapping. For a given xi e C, sequence {x„} can be computed by 
the iterative scheme 
Xn+i = (1 - an)xn + a^T^^Xn V n > 0 (4.3.5) 
where {an} is a sequence in [0,1]. Algorithm 4.3.3 is Mann iterative process. 
Theorem 4.3.11 [164]. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex Banach space X. Let T be a completely continuous asymptotically 
00 
nonexpansive self mapping of C with {fc„} satisfying kn> I and "^{kn — 1) < oo. 
Let {an}, {Pn} and {7„} be sequences in [0,1] satisfying 
(o) 0 < lim inf Q;„ < lim supa„ < 1 and 
n = l 
n—»oo 
{b) 0 < hm ini Pn < lim sup^„ < 1. 
n—»oo 
If for a given Xi € C, the iterative scheme described by (4.3.3), then {xn}, {Vn} and 
{zn} converge strongly to a fixed point of T. 
For 7n = 0 one can obtain Ishikawa type convergence result which is a general-
ization of Theorem 4.3.8. Unfortunately, just as in [138], it cannot directly deduce 
the Mann type convergence theorem for the condition lim inf/?„ > 0, similar to the 
n-4oo 
condition 1 - Pn < 1 - e, e > 0 in [138]. In the following theorem the restriction 
lim inf /?ji > 0 (or 1 - /3„ < 1 - e, e > 0) is removed for Ishikawa type iteration to 
n—>oo 
refine the result further and unify the proofs of Ishikawa type as well as Mann type 
convergence. 
Theorem 4.3.12[164]. Let C be a nonempty closed bounded and convex sub-
set of an uniformly convex Banach space X. Let T be a completely continuous 
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asymptotically nonexpansive self mapping of C with {A;„} satisfying kn > I and 
oo 
Y^ {kn - 1) < 00. Let {an} and {/?„} be sequences of real numbers in [0,1] satisfy-
n=l 
ing 
{(i) 0 < lim mi an < lim supa,i < 1 and 
n—>oo 71—>oo 
{!)) lim supAi < 1. 
71—>00 
If for a given xi G C, define iterative scheme by (4.3.4), then {xn} and {j/n} converge 
strongly to a fixed point of T. 
For Pn = 0, Theorem 4.3.12 reduces to the following theorem via Mann type 
convergence result which is a generalization and refinement of Theorem 4.3.7, The-
orem 4.3.2 and Theorem 4.3.4. 
Theorem 4.3.13[164]. Let C be a nonempty closed bounded and convex sub-
set of a uniformly convex Banach space X. Let T be a completely continuous 
asymptotically nonexpansive self mapping of C with {kn} satisfying fc^ > 1 and 
oo 
Y^{kn - 1) < OO. Let {a„} be a sequence of real numbers in [0,1] satisfying 
7 1 = 1 
0 < Um inf a„ < lim sup c^ n < 1. For a given xi e C, iterative scheme described 
n—¥oo 71—>oo 
by (4.3.5). Then {x„} converges strongly to a fixed point of T. 
In 2005, Liu [109] not only extended the results of Goebel and Kirk [61], Rhoades 
[139] and Schu [144] but also corrected the mistakes in Huang [72]. Liu [109] pointed 
out that the Theorems 4.3.12 and 4.3.13 have no meaning as T is a self mapping of 
C, {xn} as well as {y„} need not belong to C. Hence T"'Xn and T^'yn need not be 
defined. 
Theorem 4.3.14[109]. Let C be a nonempty bounded closed and convex subset 
of a real uniformly convex Banach space X and T : C —)• C be a semi-compact 
asymptotically nonexpansive mapping with a sequence {kn} C [l,oo), /c„ -> 1. 
Suppose that {oin}, {Pn}, {"Jn} and {5„} be four sequences in [0,1] satisfying the 
following conditions: 
(a) an + 7n < 1) Pn + ^n< 1, for all n > UQ. 
[b) there exist positive integers no,ni and e > 0, 0 < 6 < min{l , i} (where 
L = sup kn) such that 
n>0 
0 < e < Q : n < l - e V n > n o 
(4.3.6) 
0 < A i < ^ V n > n i , 
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(c) Y^^n<00,Y,Sn<00. 
71=0 n = 0 
Then the Ishikawa iterative sequence with errors {xn} defined by (for Xi € C) 
Xn+l = (1 - Qfn - 7n)Xn + CtjiT'^yn + In^n, « > 0 
(4.3.7) 
Vn^il- Pn- Sn)Xn + PnT'^Xn + (5„^n, 
converges strongly to some fixed point of T in C, where {un} and {zn} are two 
sequences in C. 
The following three lemmas (see Liu [109]) play an important role in the proof 
of the Theorem 4.3.14. 
Lemma 4.3.1. Let X be a real Banach space and J : X -^ 2^* be the normalized 
duality mapping.Then 
\\x-^yf<\\x\\^ + {y,i{x + y)) 
for any x,y ^ X and for any j{x + y) € J{x + y). 
Lemma 4.3.2. Let p > I and r > 0 be two fixed real numbers. Then a Banach 
space X is uniformly convex if and only if there exists a continuous strictly increasing 
convex function / : [0, oo) -> [0, oo) with /(O) = 0 such that 
||Ax + (1 - A)y|r < A||x|r + (1 - X)\\yr - ^vWfiWx ~ y\\) 
for all x,y e B{0, r) and 0 < A < 1, where 5(0, r) is the closed ball of X with center 
zero and radius r and 
Up{X) = AP(1 - A) + A(l - A)^ (4.3.8) 
Lemma 4.3.3. Let C a nonempty closed bounded and convex subset of a real 
Banach space X and T : C —)• C be an asymptotically nonexpansive mapping with 
a sequence {kn} C [l,oo), lim /c„ = 1. Let {xn} be the Ishikawa iterative sequence 
n->oo 
with errors described by (4.3.7), in which {7,1} and {6n} are two sequences in [0,1] 
satisfying the following conditions: 
00 cx) 
^ 7 „ < 00 , ^ ( 5 „ < o o . (4.3.9) 
n=0 n=0 
Then \\xn - T"a;„|| -> 0 implies ||a;n - Txn\\ -> 0. 
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Proof of Theorem. 
From Theorem 4.2.1, T has a fixed point in C. Hence F{T) is nonempty. Rewrite 
the sequence {x^} defined in (4.3.7) as follows for Xi G C 
Xn+l = (1 - Otn)Xn + OinT'^yn + Wn, ^ > 0 
(4.3.10) 
yn = { l - Pn)Xn + PnT'^Xn + Vn, 
where Un = 7„(w„ — x„) and Vn — Sn{zn — Xn) for all n > 0. Since C is bounded, 
^n, Xn, Zn all are bounded and thus {a;„ - a;„} and {z„ - ^n} both are bounded 
sequences in X. From (4.3.9) it follows that 
^ | | l i „ | | < DO, ^ l lUn l l < 00. 
i.e.; {it„} and {f„} both are bounded sequences in X. 
Take q € -f'(T'). Since x„, yn, T^Xn^^y-n all are in C, which implies that there 
exists an r > 0 such that 
C U {x„ - g} U {yn - g} U {a;„ - g + u„} U {T"y„ - g + «„} 
U (T^Xn - 7 + Wn} U {x„ - g + t;„} C B(0, r), 
where B(0, r) is a closed ball of X with center zero and radius r. 
Taking p = 2 in Lemma 4.3.2 and A = a^ and (4.3.10) one gets 
I k n + l - qf = 11(1 - OCn)iXn - q + Un) + QniVyn - q + Un)f 
< (1 - Oin)\\xn -q + Unf + anIlTV -q + Unf 
-U2{an)f{\\xn-T''yJ). (4.3.11) 
Since {xn — q + Un} and {T^'yn — q + Un} both are contained in B{0, r), by Lemma 
4.3.1 we have 
||2;„ -q + u„|p < ||x„ - qf + 2(w„, J(x„ -q + Un)) 
< \\Xn - qf + 2\\Un\\.\\Xn - q + Un\\ 
<\\xn-qf + 2r\\un\\. (4.3.12) 
Similarly, 
||T"yn-g + w„||2< | l T V - 9 l l ' + 2r-|K||. (4.3.13) 
From (4.3.8), it follows that 
U2{an) = al{l - an) + Q;„(l - a„)2 = a„(l - an) 
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Substituting the above expression into (4.3.11) and simplifying 
| |Xn+i-g| | '<(l-a„)| |x„-c/ |p+an| |r"y„-g|p+2r|K||-an(l-a„)/( | |xn-T'^yn| |) 
= ||x„ - q\\^ + a„{||r"j/„ - qf - \\yn - q\\'} + Qnibn - qf - ||x„ - qf} 
+ 2r\\un\\ - an(l - a„)/(l|x„ - r^y^H). (4.3.14) 
Consider the third term on the right side of (4.3.14) and using Lemma 4.3.2 with 
p = 2, one gets 
hn - qf - ||x„ - qf - (1 - &n){xn - 9 + t^ n) + ^n(T"a;„ - q + Vn)f - ||x„ - qf 
< (1 - /3„)||x, - q + Vnf + /?n||T"a:„ - q + v^f 
-u ;2 ( / ?n ) / ( l k - r "x , | | ) - | | xn -g |p 
< {\-^n)\Vn-(i-^Vn\^^&n\T-^Xn-(l^Vnf-\\Xn-qf. (4.3.15) 
Since x„ — g + u ,^ T^ Xn — g + •Un G 5(0, r), it follows from Lemma 4.3.1 that 
\Xn - 9 + '»nf < \\Xn " qf + 2(Vn, ^(Xn - ^ + Vn)) 
<| |x„-g| |2 + 2rll^„||. (4.3.16) 
Similarly, we have 
WTxn - q + Vnf < WT'xn - qf + 2r\\vn\\. (4.3.17) 
Substituting (4.3.16) and (4.3.17) into (4.3.15) and simphfying, we have 
bn - qf - \\xn - qf < ^n{||T"Xn - qf - ||x„ - ^l^} + 2r||^„|| 
<^n{kl-l)\\xn~qf + 2r\\vn\\. (4.3.18) 
Substituting (4.3.18) into (4.3.14) and simplifying, one have 
||x„+i - qf < \\Xn - qf + Oi{kl - l)\\yn - qf + a„{/?„(A;J - l)||xn - qf) + 2r||z;„||} 
+ 2 r | K | | - a „ ( l - a „ ) / ( | | x „ - 7 ^ | | ) . 
< ||x„ - qf + aM - l){\\yn - qf] + \K ' qf) 
+2r{\\un\\ + \\vn\\) - a„(l - an)fi\\xn - T^ynW). 
Since {xn - q}-, {yn - q] ^ B{Q,r) => \\xn -q\\ <r and \\yn - q\\ < r. Besides by 
condition (4.3.6), 0 < e < «„ and e < 1 - a„ for all n > UQ. Hence we have 
\\xnu~qf < \\xn-qf+2an{kl-iy+2r{\\un\\+\\vn\\)-e'f{\\xn-T''yn\\), Vn > no. 
(4.3.19) 
Set a = inf ||xn — T"yn,||. Next we prove that a = 0. Let on contrary that o" > 0. 
n>0 
Then ||x„ — T^ynW > c > 0 for each n > 0. Since / is strictly increasing with 
/(O) = 0, 
f{\\xn - TbnW) > /(cr) > 0 for all n > 0. (4.3.20) 
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It follows from (4.3.19) that for all n > no 
\\xn+i-qr < \\xn-q\\'-p{a)+2aM-iy+2ri\\unMvn\\)-'^f{a). (4.3.21) 
Since /c^  -)• 1 and ||u„|| + \\vn\\ -> 0(n -» oo), there exists positive integer n^ > UQ 
such that 
2an{kl - l)r^ + 2r(||u„|| + |1^„||) < '-f{a), V n>n2. 
Hence from (4.3.21), we have 
ll^ n^+i - qf < \\xn - q\f ~ 2"/(^). ^ n>n2, 
i.e., —/(a) < ||x„ - g||^  - ||a;„+i - (?||^ V n > n2. 
Let m > n2 be any positive integer. Then we have 
Y, ^ / ( a ) < \\xn, - q\\^ - ||x„+i - qf < \\xn, - qf. 
n=n2 
Letting m -^ oo, we get 
00 < \\Xn2 -q\\'^ < oo, 
a contradiction. Therefore cr = 0. By the definition of a, there exists a subsequence 
{rij} C {n} such that 
Ikn, - r " ^ y n j - ^ 0 (n , . ^oo ) . (4.3.22) 
From (4.3.10), we have 
\\Xn - VnW = \\Pn{Xn - T'^Xn) - Vn\\ 
< Pn{\\Xn - T V I I + Wr'yn " T^Xnll} + l^nll (4.3.23) 
< Pn{\\Xn - T"t/„I| + L| |y, - Xn\\} + 1|^ „|| 
In (4.3.23) taking n = rij and simplifying, we have 
(1 - Lpn,)\K, - 2/n,|| < P\K - ^ " ^ ^ / n j + ll^n, || 
<IK-T">y„.|| + |K.||. 
By condition (b), we have 1 - L./3„ > 0 for all n > rii Therefore from (4.3.22), we 
have 
lim \\xnj-ynj\\^0 (4.3.24) 
It follows from (4.3.24) and (4.3.22) that 
||T"br _ T II < | | r " J r -T^hi II 4- IIT"J7/ - r II 
85 
< L\\xn, - Vn, II + ||r"^yn, - x„. II (4.3.25) 
^ 0 as rij -> oo. 
By Lemma 4.3.3, we know 
llTxn^ . — XjijW — 0^ as n, -> oo. (4.3.26) 
Since T is semi compact, there exists a subsequence {xn^} C {xn^) such that 
Xm -> X* € C as rii -> 00. (4.3.27) 
By the continuity of T, it follows from (4.3.27) that 
lim | | x „ ^ - r a ; n , H | | x * - T x * | | = 0 . 
ni-400 
i.e., X* is a fixed point of T in C. Again from (4.3.25), we have 
||r"^x„, - x*|| < | | r" 'x, , - x,J | + ||x„, - x*|| -^ 0 as rii -> oo. 
Hence from (4.3.10) and (4.3.25), we have 
Vm = Xni - 0rn{Xni " T'^^Xn.) + i;„. - > X* aS Tlj - > OO. 
Again since 
||r"%.-x*||<L|K.-x*|| 
we have 
T^'yn, -^ X* as Ui -¥ oo. (4.3.28) 
Now in (4.3.19) taking q — x*, we have 
| | x„ . , , - -^ l ' < ||x„,-x*||2+2a„(/c2-l)r2+2r(||^„J|+||t;„J|)-eV(||a:n,-T"'y„.||), V n, > 0 
It follows from (4.3.22), (4.3.27) and the continuity of / that 
lim ||xn,+i-x*||2 = 0. 
i.e., x-rn+i -> X* as ni -> oo. (4.3.29) 
Therefore, we have 
||T"'+^Xn,+i -^*\\< m^m+i - x*|| ^ 0 as ni -^ oo (4.3.30) 
By (4.3.10), (4.3.29) and (4.3.30), one gets 
yni+i = x„;+i-/?„.+!(r"'+^x„.+i-x„i4.i) + t;„.+i-^x* as r i i -^oo (4.3.31) 
Therefore we have 
||T"*+Vn,+i - x*|| < L||y„,+i - x l -> 0 as n^  -^ oo (4.3.32) 
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Continuing in this way, by induction we can prove that for any m > 0, 
T"'+'"2;„,+m -> X*, T^^'-'^y^.+m -> X* {rii ^ oo). 
Next we prove that Xn —> x* (n —)• oo). In fact, by the definition of superior hmit 
and inferior Hmit we have 
0 < Um inf \\xn — x*\\ < hm sup \\xn — x*\\ 
n—>cx) n—>oo 
< sup{||xn;+,„ - x*||} for any Ui. 
m 
Denote ctj = sup ||a;ni+m -x*\\. Then the sequence {DH} is non increasing. Therefore 
m 
we have 
0 < Um inf ||xn - x*|| < Um sup ||Xn - x*|| 
n—>oo n—^oo 
< Um sup||x„,+^- x*|| 
= Um sup||x„.+^-x*|| 
ni->oo ^ 
= SUp Um | |Xni+m-X*|l 
= 0 
*. This completes the proof. 
Theorem 4.3.15. Let C be a nonempty closed bounded and convex subset of a 
uniformly convex real Banach space X and T : C —> C be a semi compact asymp-
totically nonexpansive mapping with a sequence {kn} C [l,oo),/Cn —> 1. Suppose 
that {cxn} and {7^} be two sequences in [0,1] satisfying the following conditions: 
(a) a„ + 7„ < l,Vn > 0; 
[h] there exist positive integers UQ and e > 0 such that 
0 < e < a„ < 1 — e, M n>nQ. 
00 
(c) E 7n < 00. 
Tl=0 
Then the Mann iterative sequence with errors {xn\ defined by 
XQ^C 
Xn+i = (1 - Qn - ^n)Xn + O^nT'^Xn + -^n^n, ^ > 0 
converges strongly to some fixed point of T where {un} is a sequence in C. 
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Proof. This theorem can be proved by taking /3„ = 0 and 5^ = 0 for all n > 0, in 
Theorem 4.3T4. 
§ 4.4. Contractive mappings 
Definition 4.4.1 [125]. A self mapping T defined on a subset C of a Banach space 
X is said to be asymptotically contractive on C if there exists XQ E. C such that 
limsupli^(f-^yil<l. (4.4.1) 
This condition is independent of the choice of XQ € C. 
Luc [110, 2002] extended Theorem 2.2.3 for an unbounded set using the idea of 
asymptotically compact set. 
Definition 4.4.2[125]. A subset C of a Banach space X is said to be asymptotically 
compact if for any sequence {a;„} of C such that {r„} = {jla^nll} -^ oo, the sequence 
{r~^Xn} has a convergent subsequence. 
Theorem 4.4.1 [110]. Let C be a nonempty closed convex and asymptotically com-
pact set in X. Let T be a nonexpansive and asymptotically contractive mapping 
from C to itself. Then F{T) is nonempty closed and convex. 
In 2003, Penot [125] presented a fixed point theorem for a nonexpansive mapping 
defined on a closed convex subset of a uniformly convex Banach space into itself un-
der some asymptotic contraction assumptions. Penot's result generalizes Theorem 
2.2.3 due to Browder-Gohde-Kirk and also extends Theorem 4.4.1 due to Luc [110] 
by dropping the condition of compactness. 
Theorem 4.4.2[125]. Let C be a closed convex subset of a reflexive Banach space 
X. If T : C -^ X be a. nonexpansive mapping which is asymptotically contractive 
on C such that T{C) C C and / — T is demiclosed then T has a fixed point. 
Corollary 4.4,1. Let C be a closed convex subset of a uniformly convex Banach 
space X. Let T : C —> X be a nonexpansive asymptotically contractive mapping on 
C such that T{C) C C. Then T has a fixed point. 
Suzuki [155] proved fixed point theorem for nonexpansive mappings whose do-
mains are unbounded subsets of Banach spaces. The following theorem generaUzes 
the Theorem 4.4.2 due to Penot [125]. 
Theorem 4.4.3[155]. Let C be an unbounded closed convex subset of a uniformly 
convex Banach space X. Let T be a nonexpansive mapping on C. Suppose that T 
88 
is asymptotically contractive. Then T has a fixed point. 
In 1967, Browder [22] introduced the notion of pseudocontractive mappings and 
proved the next theorem. 
Definition 4.4.3. Let T be a self mapping on a Banach space X, then T is said to 
be pseudocontractive if for all x,y E X and for all A; > 0, 
| | x - j / | |< | | ( l + A;)(a:-y)-fc(Tx-ry)| | . 
Clearly if T is nonexpansive, then T is pseudocontractive since 
11(1 + k){x -y)- k{T{x) - T{y))\\ > (1 + k)\\x - y\\ - k\\T{x) - T{y)\\. 
Theorem 4.4.4. Let 5 be a closed ball in a uniformally convex Banach space X 
and C an open set containing B. Let T be a pseudocontractive mapping of C into X 
such that T maps the boundary of B into B. Suppose also that T is demicontinuous 
and that 
(a) T is uniformly continuous in the strong topology on bounded subsets of X, or 
(b) X* is uniformly convex. 
Then T has a fixed point in B. 
Kirk [88, 1970] modified Theorem 4.4.4 as follows; 
Theorem 4.4.5[88]. Let X be a uniformly convex Banach space and B a closed 
ball in X. Let T be a Lipschitzian pseudocontractive mapping of B into X such 
that T maps boundary of B into B. Then T has a fixed point in B. 
In 1972, Assad and Kirk [3] modified the approach of Kirk [88] and demonstrated 
how fixed point theorems for pseudocontractive mappings may be derived from the 
fixed point theorems of nonexpansive mappings. 
Theorem 4.4.6 [3]. Let C be a closed convex subset of a reflexive Banach sp£ice X 
and K a nonempty closed bounded and convex subset of C which possesses normal 
structure. Let T be a Lipschitzian pseudocontractive mapping of K into C such 
that T{x) e K when x G 6cK. Then T has a fixed point. 
The connection between pseudocontractive mappings have been further refined 
by Bruck [31] has made an interesting observation that if C is a closed convex set 
which has the f.p.p. for nonexpansive mappings and if T : C -^ C is a Lipschitzian 
local pseudocontraction, then T always has a fixed point. 
In 1991, Schu [144] introduced a class of asymptotically pseudocontractive map-
ping in Hilbert spaces and proved strong convergence theorems using modified 
Ishikawa iteration scheme. 
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Definition 4.4,4[144]. Let C be a nonempty subset of a normed space X, T : C -> 
C; {kn} C [1,00). T is said to be asymptotically pseudocontractive with sequence 
[kn} <==^ \imkn = 1 for all n e N and all x,y e C there is j € Jx{x - y) such 
that j{T'^{x) -T^{y)) < fc„||a; - t/|p where Jx is the normalized duality mapping. 
Remark 4.4.1. 
(a) If T is asymptotically nonexpansive, then for all j G Jx{x — y), 
JiT'^x - T'^y) < \\x - y\\\\rx - T^y\\ < k^Wx - yf. 
Hence every asymptotically nonexpansive mapping is asymptotically pseudo-
contractive too and it also remains uniformly A;-Lipschitzian for some A; > 0. 
(6) Rhoades [137] showed that the class of asymptotically nonexpansive mappings 
is a proper subclass of the class of asymptotically pseudocontractive mappings. 
For X e [0,1], define T{x) = (1 - x'^l^f'^ e [0,1]. Then T is not Lipschitzian 
and so it can't be asymptotically nonexpansive. But since ToT — I and T is 
monotonically decreasing, it follows that 
{x - y){T'x - T^'y) = \x-yf V n G 2A^  
and 
(x - y)(r"x - Ty) = {x - y){Tx -Ty)<0 
<\x-y\^'ine2N-l. 
Hence T is asymptotically pseudocontractive with constant sequence {l}neN-
Theorem 4,4.7[144]. Let C be a nonempty closed bounded and convex subset 
of a Hilbert space X. For A; > 0; T : C -4 C be completely continuous, uniformly 
/c-Lipschitzian and asymptotically pseudocontractive mapping with sequence {A;„} G 
[1,00); Qn = 2fc„ - 1 for all neN;Z {QU - 1) < 00; {a„}, {/?„} G [0,1]^; e < a„ < 
n=l 
Pn < b for all n e N, some e > 0 and some be{0,k-^[{l + e)2-l])-x, G C ; for 
all n e N, define 
Zn = {I- Pn)Xn + PnT^Xn a n d X^+l = ( l " an)Xn + Oi-aT^ Zr,. 
Then {x„} converges strongly to some fixed point of T. 
Remark 4.4.2. It would be interesting to know whether a continuous asymiptot-
ically pseudocontractive self mapping of a closed bounded and convex subset of a 
uniformly convex Banach space always possesses a fixed point. This is indeed the 
case for continuous pseudocontractive mapping. 
Sharma and Sahu [151, 2000] dropped the compactness condition from Theorem 
4.4.7 and gave the existence of the fixed point of asymptotically pseudocontractive 
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mappings in Banach spaces. Before stating the theorem we give the following results 
which will be used in the proof the next theorem. 
Theorem 4.4.8[151]. Let C be a nonempty closed convex subset of a Banach 
space X. Let T : C -4 C is asymptotically pseudocontractive with sequences {fc„} 
and {an} € (0,1) for all n G N with lima„ = L Then 
(a) for each n E N there is exactly one Xn&C such that 
Xn = ( Y ) ^"^"' W^e^e " " ^ (0' 1)' 
[h] if C is bounded and T is uniformly asymptotically regular and uniformly A;-
Lipschitzian, it follows that inf{||a; — Tx\\ : x G C} = 0. 
Lemma 4.4.1 [151]. Let C be a nonempty closed convex subset of a uniformly 
convex Banach space X possessing a weakly sequential continuous duality mapping. 
Let T : C —> C be a uniformly fc-Lipschitzian and asymptotically pseudocontractive 
mapping with sequence {fc„} satisfying the condition 
\\x - T'^yf < j{x - T'^yl \/x,yeC,neN, 
where j G Jx{x — y). Then (/ — T) is demiclosed with respect to 0. 
Theorem 4,4,9[151]. Let C be a nonempty closed bounded and convex subset 
of a uniformly convex Banach space X possessing a weakly sequentially continuous 
duality mapping. Suppose T : C —)• C is uniformly asymptotically regular, uniformly 
k- Lipschitzian and asymptotically pseudocontractive mapping with sequence {fc„} 
and satisfy the condition 
\\x - T"y||2 < j{x - r"y),V x,yeC,neN, 
where j eJx{x-y). Then F{T) 7^  0. 
Proof. 
By Theorem 4.4.8, for each n e N there exists one x^ G C such that Xn = 
{an/kn)T"'Xn, whcrc an G (0,1) with limOn = 1, since {x„} is bounded. Therefore, 
there is a constant q such that ||x„ - T"x„|| — q\l - kn/an\ for all n G A'' and so 
||.Tn - r"x„| | —> 0 as n -> 00. By the asymptotically regularity of T, we have 
\\Xn - TXnW < \\Xn " r " x „ | | + \\T^Xn - Tx„| | 
< ||X„ - 'TXnW + k\\T^-'Xn - XnW 
< \\Xn - T^XnW + kiWT'^-'Xn - T'^ Xnll + | | r "x„ - X„||) 
-> 0 as n -> 00. 
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Since X is reflexive and {x„} is bounded, there exists z E X and a subsequence 
{xm} of {xn} such that Xm -^ z (weakly). 
Furthermore, since Xm — Txm —> 0 and by Lemma 4.4.1, (/ — T) is demiclosed 
at zero, it follows that z = Tz. This completes the proof. 
Definition 4.4.5. A normed space X has property {U,b,a,P) if and only if 
||x + y f + H^ -yir - 2^(lkr + \\y\n > o, \fx,yex. 
Theorem 4.4.10[151]. Let C be a nonempty closed convex bounded subset of a 
Banach space X with the property (U, A, m +1, m), X eR,m G N. Let T : C ~> C is 
uniformly fc-Lipschitzian for some k > 0 and asymptotically pseudocontractive map-
ping with sequence {kn} and also T satisfies condition B(see, Def. 2.3.2). Suppose 
{an} and {Pn} are sequences of real numbers satisfying the following conditions: 
(a) 0 < a < a„ < a < 1 and 0 < 6 < /3„ < ^ < 1, V n e A^ , 
oo 
{b) Y, i'^nC - m) < OO, where v„ = (m + l)^;^ - m and c = {^^}, 
n = l 
(c) (1 - 2/3"^ c - /?"^ + /^c'"+ c^)c + 1 - /5'^ c - c2 > 0 and 1 - a'^c - (1 - mby > 0. 
For Xi G C, define 
Xn+i = (1 - Q;n)a;n + Q;„r"y„ 
yn = ( l - / ? n ) X n + / 3 r " x „ V n G N . 
If lim d{xn,F{T)) exists and F(r) is closed, then the sequence {a;„} converges 
strongly to an element of -F(T). 
Remark 4.4.3. Theorem 4.4.10 improves Theorem 4.4.7. 
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